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Abstract. We prove three new dichotomies for Banach spaces a la W. T. 
Gowers' dichotomies. The three dichotomies characterise respectively the 
spaces having no minimal subspaces, having no subsequentially minimal basic 
sequences, and having no subspaces crudely finitely representable in all of their 
subspaces. We subsequently use these results to make progress on the program 
of Gowers of classifying Banach spaces by finding characteristic spaces present 
in every space. Also, the results are used to embed any partial order of size 
Hi into the subspaces of any space without a minimal subspace ordered by 
isomorphic embeddability. Finally, we analyse several examples of spaces and 
classify them according to which side of the dichotomies they fall. 
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1. Introduction 

In the paper [17J . W.T. Gowers initiated a celebrated classification theory for 
Banach spaces. Since the task of classifying all (even separable) Banach spaces up 
to isomorphism is extremely complicated (just how complicated is made precise in 
[10j). one may settle for a loose classification of Banach spaces up to subspaces, that 
is look for a list of classes of Banach spaces such that: 

(a) each class is pure, in the sense that if a space belongs to a class, then every 
subspace belongs to the same class, or maybe, in the case when the property depends 
on a basis of the space, every block subspace belongs to the same class, 

(b) the classes are inevitable, i.e., every Banach space contains a subspace in one 
of the classes, 

(c) any two classes in the list are disjoint, 

(d) belonging to one class gives a lot of information about operators that may 
be defined on the space or on its subspaces. 

We shall refer to this list as the list of inevitable classes of Gowers. Many classical 
problems are related to this classification program, as for example the question 
whether every Banach space contains a copy of cq or £ p , solved in the negative by 
B.S. Tsirelson in 1974 [35], or the unconditional basic sequence problem, also solved 
negatively by Gowers and B. Maurey in 1993 [18 J. Ultimately one would hope to 
establish such a list so that any classical space appears in one of the classes, and so 
that belonging that class would yield most of the properties which are known for 
that space. For example any property which is known for Tsirelson's space is also 
true for any of its block subspaces, so Tsirelson's space is a pure space, and as such, 
should appear in one of the classes with a reasonable amount of its properties. Also, 
presumably the nicest among the classes would consist of the spaces isomorphic to 
Co or £ p , 1 ^ p < oo. 

After the discovery by Gowers and Maurey of the existence of hereditarily in- 
decomposable (or HI) spaces, i.e., spaces such that no subspace may be written as 
the direct sum of infinite dimensional subspaces [18j . Gowers proved that every 
Banach space contains either a HI subspace or a subspace with an unconditional 
basis [16]. These were the first two examples of inevitable classes. We shall call 
this dichotomy the first dichotomy of Gowers. He then used his famous Ramsey 
or determinacy theorem [17j to refine the list by proving that any Banach space 
contains a subspace with a basis such that either no two disjointly supported block 
subspaces are isomorphic (which, for reasons that will become apparent later on, 
we shall call tight by support), or such that any two subspaces have further sub- 
spaces which are isomorphic. He called the second property quasi minimality. This 
second dichotomy divides the class of spaces with an unconditional basis into two 
subclasses (up to passing to a subspace) . Finally, recall that a space is minimal if 
it embeds into any of its subspaces. A quasi minimal space which does not contain 
a minimal subspace is called strictly quasi minimal, so Gowers again divided the 
class of quasi minimal spaces into the class of strictly quasi minimal spaces and the 
class of minimal spaces. 

Obviously the division between minimal and strictly quasi-minimal spaces is not 
a real dichotomy, since it does not provide any additional information. The main 
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result of this paper is to provide the missing dichotomy for minimality, which we 
shall call the third dichotomy. 

A first step in that direction was obtained by A. Pelczar, who showed that any 
strictly quasi minimal space contains a further subspace with the additional prop- 
erty of not containing any subsymmetric sequence [30) . The first author proved that 
the same holds if one replaces subsymmetric sequences by embedding-homogeneous 
sequences (any subspace spanned by a subsequence contains an isomorphic copy of 
the whole space) [5]. 

A crucial step in the proofs of [30| and [3] is the notion of asymptoticity. An 
asymptotic game of length k in a space E with a basis is a game where I plays 
integers rii and II plays block vectors Xi supported after rii, and where the outcome 
is the length k sequence (a^). Asymptotic games have been studied extensively 
and the gap between finite dimensional and infinite dimensional phenomena was 
usually bridged by fixing a constant and letting the length of the game tend to 
infinity. For example, a basis is asymptotic l p if there exists C such that for any k, 
I has a winning strategy in the length k asymptotic game so that the outcome is 
C-equivalent to the unit vector basis of 

In [30j it is necessary to consider asymptotic games of infinite length, which are 
defined in an obvious manner. The outcome is then an infinite block-sequence. The 
proof of the theorem in 30J is based on the obvious fact that if a basic sequence 
(ei) is subsymmetric, then II has a strategy in the infinite asymptotic game in 
E = [ei] to ensure that the outcome is equivalent to {ei). In [5j a similar fact for 
embedding homogeneous basic sequences is obtained, but the proof is more involved 
and a more general notion of asymptoticity must be used. Namely, a generalised 
asymptotic game in a space E with a basis (e^) is a game where I plays integers rii 
and II plays integers mi and vectors Xi such that supp(xi) C [n\, m{\ U . . . U [rii, wj, 
and the outcome is the sequence (a^), which may no longer be a block basis. 

Observe that in the first round of such a game, II may pick some integer mi 
so large, depending on arbitrary large n, that he has enough room to choose any 
vectors x\, . . . ,x n supported in [n\, m{\ as the n first vectors of the outcome. This 
means that everything is decided at the first round in a finite generalised asymptotic 
game, and so only infinite generalised asymptotic games are of interest. 

The second author analysed infinite asymptotic games in [33) , showing that the 
most obvious necessary conditions are, in fact, also sufficient for II to have a strategy 
to play inside a given set. This was done through relating the existence of winning 
strategies to a property of subspaces spanned by vectors of the basis with indices 
in some intervals of integers. His methods extend to the setting of generalised 
asymptotic games and motivate the following definition. A space Y is tight in a 
basic sequence (ei) if there is a sequence of successive intervals Iq < 1 i < I<z < . . . 
of N such that for all infinite subsets A C N, we have 

Y%[e n \ ni |J /<]. 

■ieA 

In other words, any embedding of Y into [e^ has a "large" image with respect to 
subsequences of the basis (ei). 

We then define a tight basis as a basis such that every subspace is tight in it, 
and a tight space as a space with a tight basis. 

As we shall prove in Lemma 13. 7\ using the techniques of |33j , essentially a block 
subspace Y = [yi\ is not tight in (ei), when II has a winning strategy in the 
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generalised asymptotic game in [a] for producing a sequence equivalent to (j/j). 
This relates the notion of tight bases to the methods of [9] , and by extending these 
methods we prove the main result of this paper: 

Theorem 1.1 (3rd dichotomy). Let E be a Banach space without minimal sub- 
spaces. Then E has a tight subspace. 

Theorem 11.11 extends the theorems of [30] and of [9] , since it is clear that a 
tight space cannot contain a subsymmetric or even embedding homogeneous block- 
sequence. This dichotomy also provides an improvement to the list of Gowers: a 
strictly quasi minimal space must contain a tight quasi minimal subspace. Example 
!3.6l shows that this is a non-trivial refinement of the unconditional and strictly quasi 
minimal class, and Corollary 14. 31 states that Tsirelson's space is tight. Theorem ll.il 
also refines the class of HI spaces in the list, i.e., every HI space contains a tight 
subspace, although it is unknown whether the HI property for a space with a basis 
does not already imply that the basis is tight. 

Our actual examples of tight spaces turn out to satisfy one of two stronger forms 
of tightness. The first is called tightness with constants. A basis (e„) is tight with 
constants when for for every infinite dimensional space Y, the sequence of successive 
intervals Iq < I\ < . . . of N witnessing the tightness of Y in (e„) may be chosen so 
that Y %k [e n \ n ^ Ik] for each K. We show that this is the case of Tsirelson's 
space. 

The second kind of tightness is called tightness by range. Here the range, range x, 
of a vector x is the smallest interval of integers containing its support, and the range 
of a block subspace [x n ] is |J range x n . A basis (e„) is tight by range when for for 
every block subspace Y — [y n ], the sequence of successive intervals Iq < I\ < . . . of 
N witnessing the tightness of Y in (e„) may be defined by Ik — range y^ for each k. 
This is equivalent to no two block subspaces with disjoint ranges being comparable. 
We show that tightness by range is satisfied by some HI spaces and also by a space 
with unconditional basis constructed by Gowers. 

It turns out that there are natural dichotomies between each of these strong 
forms of tightness and respective weak forms of minimality. For the first notion, 
we define a space X to be locally minimal if for some constant K, X is i^-crudely 
finitely representable in any of its subspaces. Notice that local minimality is easily 
incompatible with tightness with constants. Using an equivalent form of Gowers' 
game as defined by J. Bagaria and J. Lopez- Abad [3] we prove: 

Theorem 1.2 (5th dichotomy). Any Banach space E contains a subspace with a 
basis that is either tight with constants or is locally minimal. 

There is also a dichotomy concerning tightness by range. This direction for 
refining the list of inevitable classes of spaces was actually suggested by Gowers 
[17] . P. Casazza proved that if a space X has a shrinking basis such that no block 
sequence is even-odd ( the odd subsequence is equivalent to the even subsequence), 
then X is not isomorphic to a proper subspace, see [13] . So any Banach space 
contains either a subspace, which is not isomorphic to a proper subspace, or is 
saturated with even-odd block sequences, and, in the second case, we may find a 
further subspace in which Player II has a winning strategy to produce even-odd 
sequences in the game of Gowers associated to his Ramsey theorem. This fact was 
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observed by Gowers, but it was unclear to him what to deduce from the property 
in the second case. 

We answer this question by using Gowers' theorem to obtain a dichotomy which 
on one side contains tightness by range, which is a slightly stronger property than 
the Casazza property. On the other side, we define a space X with a basis (x n ) to 
be sub sequentially minimal if every subspace of X contains an isomorphic copy of 
a subsequence of (x n ). This last property is satisfied by Tsirelson's space and will 
also be shown to be incompatible with tightness by range. 

Theorem 1.3 (4th dichotomy). Any Banach space E contains a subspace with a 
basis that is either tight by range or is subsequentially minimal. 

It is easy to check that the second case in Theorem 11.31 may be improved to the 
following hereditary property of a basis (x n ), that we call sequential minimality: 
every block sequence of [x n ] has a further block sequence (y n ) such that every 
subspace of [x n ] contains a copy of a subsequence of (y n ). 

Theorem ll.3l divides any class of strictly quasi minimal spaces into two subclasses. 
Combining Theorem 11.11 and Theorem 11.31 we therefore refine Gowers' list to six 
classes which are enumerated in Theorem 16. 31 We obtain two subclasses of strictly 
quasi minimal unconditional spaces: no example of the first one is known, and 
the other is illustrated by Tsirelson's space. We also obtain two subclasses of HI 
spaces; we prove that a space constructed by Gowers [15] belongs to the first one, 
Proposition l8.81 but know of no example belonging to the second. It is an interesting 
problem to look for examples for the two classes that haven't yet been proved to 
be non empty. 

It has been proved in [6] that every minimal space with a strongly asymptotically 
£ p basis, 1 ^ p < +oo, contains a subspace isomorphic to £ p . A basis is strongly 
asymptotically £ p if finite families of disjointly supported (but not necessarily suc- 
cessive) normalised blocks supported "far enough" are uniformly equivalent to the 
basis of £ p . Leaving aside the case of strongly asymptotically £00 spaces, this means 
that a space which does not contain a copy of cq or £ p must contain a further sub- 
space which either does not contain a minimal subspace, or does not contain a 
strongly asymptotically £ p subspace. In the first case Theorem 11.11 implies that 
some further subspace is tight. In the second case, another dichotomy theorem due 
to A. Tcaciuc [37] implies that some subspace Y is what we shall call uniformly 
inhomogeneous, i.e. Ve > 03n e N, VYi, . . . , Y n C Y, 3yx,Zi € Y\,... 3y n , z n £ Y n : 
< e IEr=i z «ll> w here y n ,z n are of norm 1. New subclasses for spaces 
which do not contain a copy of Co or £ p may therefore be distinguished. We indi- 
cate how we may use this observation and the 5th dichotomy to refine the classes 
in the list of Theorem 16. 3i to subclasses so that "spaces isomorphic to Co or £ p " 
appears as one subclass, Proposition 16.41 Interestingly, classical examples such as 
Tsirelson's space, its dual, and Schlumprecht's space [34] each appear in a different 
subclass of this new list. So this seems a reasonable direction for an "ultimate" clas- 
sification in which each "pure" classical space, including cq and £ p , would appear 
as a representative of some subclass which would list most of its properties. 

The six dichotomies and the interdependence of the properties involved can be 
visualised in the following diagram. 
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1t 

Tight by support 

4- 

Tight by range 

a- 

Tight 
. * 

Tight with constants 



* * Tcaciuc's dichotomy * * 

* * 1st dichotomy * * 

* * 2nd dichotomy * * 

* * 4th dichotomy * * 

* * 3rd dichotomy * * 

* * 5th dichotomy * * 



Uniformly inhomogeneous 

ft 

Hereditarily indecomposable 

Quasi minimal 

1\ 

Sequentially minimal 
1\ 

Minimal 
4 _ 

Locally minimal 



From a different point of view, coming from combinatorics and descriptive set 
theory, Theorem II. II also has important consequences for the isomorphic classifi- 
cation of separable Banach spaces. To explain this, suppose that X is a Banach 
space and SB aD (X) is the class of all infinite-dimensional subspaces of X ordered 
by the relation C of isomorphic embeddability. Then C induces a partial order 
on the set of biembeddability classes of SB 00 (A') and we denote this partial order 
by P(X). Many questions about the isomorphic structure of X translate directly 
into questions about the structure of P(X), e.g., X has a minimal subspace if and 
only if P(X) has a minimal element and X is quasi minimal if and only if P(X) 
is downwards directed. In some sense, a space can be said to be pure in case the 
complexity of P(X) does not change by passing to subspaces and Gowers, Problem 
7.9 [T7], motivated by this, asked for a classification of, or at least strong struc- 
tural information about, the partial orders P for which there is a Banach space X 
saturated with subspaces Y C X such that P = P(Y). A simple diagonalisation 
easily shows that such P either consist of a single point (corresponding to a min- 
imal space) or are uncountable, and, using methods of descriptive set theory and 
metamathematics, this was successively improved in [11] and [32] to either \P\ = 1 
or P having a continuum size antichain. Using a strengthening of Theorem ll.il we 
are now able to show that such P, for which |P| > 1, have an extremely complex 
structure by embedding any partial order of size at most Hi into them. 

For A,BCN, we write A C* B to mean that A \ B is finite. 

Theorem 1.4. Given a Banach space X , let V(X) be the set of all biembeddability 
classes of infinite- dimensional subspaces of X , partially ordered under isomorphic 
embeddability. Let P be a poset for which there exist a Banach space X such that 
X is saturated with subspaces Y such that P(Y) = P. Then either \P\ = 1, or C* 
embeds into P. In the second case it follows that 

(a) any partial order of size at most Hi embeds into P, and 

(b) any closed partial order on a Polish space embeds into P. 

From the point of view of descriptive set theory, it is more natural to study 
another problem, part of which was originally suggested to us by G. Godefroy 
some time ago. Namely, the space SB OQ (X), for X separable, can easily be made 
into a standard Borel space using the Effros-Borel structure. In this way, the 
relations of isomorphism, =, and isomorphic embeddability, C, become analytic 
relations on SB oc (X) whose complexities can be measured through the notion of 



BANACH SPACES WITHOUT MINIMAL SUBSPACES 



7 



Borel reducibility. We obtain Theorem 11.41 as a consequence of some finer results 
formulated in this language and that are of independent interest. 

In Sections [8] and [9] various (and for some of them new) examples of "pure" 
spaces are analysed combining some of the properties of tightness or minimality 
associated to each dichotomy. We provide several examples of tight spaces from 
the two main families of exotic Banach spaces: spaces of the type of Gowers and 
Maurey [TS] and spaces of the type of Argyros and Deliyanni [T] . Recall that both 
types of spaces are defined using a coding procedure to "conditionalise" the norm 
of some ground space defined by induction. In spaces of the type of Gowers and 
Maurey, the ground space is the space S of Schlumprecht, and in spaces of the 
type of Argyros and Deliyanni, it is a mixed (in further versions modified or partly 
modified) Tsirelson space associated to the sequence of Schreier families. The space 
S is far from being asymptotic £ p and is actually uniformly inhomogeneous, and 
this is the case for our examples of the type of Gowers-Maurey as well. On the other 
hand, we use a space in the second family, inspired from an example of Argyros, 
Deliyanni, Kutzarova and Manoussakis [2], to produce strongly asymptotically t\ 
and examples with strong tightness properties. 

In the last section, a final list of 19 inevitable classes of "pure" Banach spaces 
associated to the six dichotomies is given, with examples for 8 of these classes, 
Theorem llO.il Open problems are also stated. 

2. Preliminaries 

2.1. Notation, terminology, and conventions. We shall in the following almost 
exclusively deal with infinite-dimensional Banach spaces, so to avoid repeating this, 
we will always assume our spaces to be infinite-dimensional. The spaces can also 
safely be assumed to be separable, but this will play no role and is not assumed. 
Moreover, all spaces will be assumed to be over the field of real numbers K, though 
the results hold without modification for complex spaces too. 

Suppose E is a Banach space with a normalised Schauder basis (e„). Then, by a 
standard Skolem hull construction, there is a countable subfield F of R containing 
the rational numbers Q such that for any finite linear combination 

A e + Aiei + . . . + A„e„ 

with Xi £ F, we have || Aoeo + Aiei + . . . + A„e„|| £ F. This means that any F-linear 
combination of (e n ) can be normalised, while remaining a F-linear combination. 
Thus, as the set of Q and hence also F-linear combinations of (e n ) are dense in 
E, also the set of F-linear normalised combinations of (e„) are dense in the unit 
sphere Se ■ 

A block vector is a normalised finite linear combination x = Aoeo + Aiei + . . . + 
A n e n where \ £ F. We insist on blocks being normalised and F-linear and will 
be explicit on the few occasions that we deal with non-normalised blocks. The 
restriction to F-linear combinations is no real loss of generality, but instead has 
the effect that there are only countably many blocks. We denote by Q the set of 
blocks. The support, supp x, of a block x — Aoeo + Aiei + . . . + A„e„ is the set 
of i £ N such that A^ ^ and the range, range x, is the smallest interval / C N 
containing supp x. 
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A block (sub) sequence, block basis, or blocking of (e n ) is an infinite sequence (x n ) 
of blocks such that supp x n < supp x n +i for all n and a block subspace is the 
closed linear span of a block sequence. Notice that if X is a block subspace, then 
the associated block sequence (x n ) such that X = [x n ] is uniquely defined up to 
the choice of signs ±x n . So we shall sometimes confuse block sequences and block 
sub-spaces. For two block subspaces X = [x n ] and Y = [y n ], write Y ^ X if Y C X, 
or, equivalently, y„ S span(xi) for all n. Also, let V ^* X if there is some N such 
that y„ G span(xi) for all n ^ N. 

When we work with block subspaces of some basis (e n ), we will assume that we 
have chosen the same countable subfield F of ffi. for all block sequences (x n ) of (e n ), 
and hence a vector in [x n ] is a block of (x n ) if and only if it is a block of (e ra ), so no 
ambiguity occurs. We consider the set bb(e n ) of block sequences of (e„) as a closed 
subset of Q N , where Q is equipped with the discrete topology. In this way, bb(e n ) 
is a Polish, i.e., separable, completely metrisable space. If A = (S n ) is a sequence 
of positive real numbers, which we denote by A > 0, and A C bb(e n ), we designate 
by Aa the set 

Aa = {(y n ) € bb(e n ) | 3(x n ) e bb(e n ) Vrc ||a; n - y n || < 5„}. 

If ^4 is an infinite subset of N, we denote by [A] the space of infinite subsets of 
A with the topology inherited from 2 . Also, if a C N is finite, 

[a, A] = {B e [N] oCECoUfin [maxa+ l,oo[)}. 

Given two Banach spaces A and Y, we say that X is crudely finitely representable 
in y if there is a constant A' such that for any finite-dimensional subspace FCI 
there is an embedding T: F —>Y with constant K , i.e., ||T|| • 1 1 CZ^" 1 1 1 ^ K . 

Also, if X = [x n ] and Y = [y n ] are spaces with bases, we say that X crudely block 
finitely representable in Y if for some constant K and all k, there are (not necessarily 
normalised) blocks zq < . . . < z k of (y n ) such that (xq, . . . , Xk) {z$, ■ ■ ■ , Zfc). 

Two Banach spaces are said to be incomparable if neither one embeds into the 
other, and totally incomparable if no subspace of one is isomorphic to a subspace of 
the other. 

We shall at several occasions use non-trivial facts about the Tsirelson space, for 
which our reference is [5] , and also facts from descriptive set theory that can all be 
found in [21]. For classical facts in Banach space theory we refer to [23] . 

2.2. Gowers' block sequence game. A major ingredient in several of our proofs 
will be the following equivalent version of Gowers' game due to J. Bagaria and J. 
Lopez- Abad [3]. 

Suppose E — [e n ] is given. Player I and II alternate in choosing blocks xq < 
x\ < X2 < ■ ■ ■ and yo < yi < y% < . . . as follows: Player I plays in the fc'th round of 
the game a block Xk such that Xk-i < xt- In response to this, II either chooses to 
pass, and thus play nothing in the fc'th round, or plays a block € [^z+i, . . . , Xk], 
where I was the last round in which II played a block. 

I XQ .-. X ko Xkg + l -.. X kl 

II yo^[xo,...,x ko ] yi€[x ko +i,...,x kl ] 

We thus see I as constructing a block sequence (xi), while II chooses a block sub- 
sequence (j/i). This block subsequence (jji) is then called the outcome of the game. 
(Potentially the blocking could be finite, but the winning condition can be made 
such that II loses unless it is infinite.) 
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Gowers [17] proved that if A C 66(e,) is an analytic set such that any (xi) £ bb(ei) 
has a block subsequence (jji) £ bb(ei) belonging to A, then for all A > and 
(zi) £ bb(ei), there is a block subsequence (vi) £ bb{ei) of (zj) such that II has a 
strategy to play in A a if I is restricted to play blockings of (vi). 

2.3. A trick and a lemma. We gather here a couple of facts that will be used 
repeatedly later on. 

We shall at several occasions use coding with inevitable subsets of the unit sphere 
of a Banach space, as was first done by Lopez- Abad in [24] . So let us recall here 
the relevant facts and set up a framework for such codings. 

Suppose E is an infinite-dimensional Banach space with a basis not contain- 
ing a copy of Co- Then by the solution to the distortion problem by Odell and 
Schlumprccht [27 there is a block subspace [x n ] of E and two closed subsets F 
and Fi of the unit sphere of [x n ] such that dist(Fo, Fi) = S > and such that for 
all block bases (y n ) of (x n ) there are block vectors v and u of (y n ) such that v £ Fq 
and u £ Fi . In this case we say that Fq and F± are positively separated, inevitable, 
closed subsets of Si x i. 

We can now use the sets Fq and F\ to code infinite binary sequences, i.e., a £ 2 N 
in the following manner. If (z„) is a block sequence of (x n ) such that for all n, 
z„ £ F U Ft, we let <p((z„)) = a £ 2 N be defined by 

_ / 0, if z n £ F ; 

an ~\ l, i£z n £F 1 . 

Since the sets Fq and F\ are positive separated, this coding is fairly rigid and can 
be extended to block sequences (v n ) such that dist(w„,F U Fi) < § by letting 
ip((v n )) = (3 £ 2 N be defined by 

JO, if distK,F ) < |; 
l n \ 1, ifdist(u„,iq) < f. 

In this way we have that if (z n ) and (v n ) are block sequences with z n £ Fq U Fi 
and \\v n - z n \\ < | for all n, then ^((^n)) = v(( v n))- 

One can now use elements of Cantor space 2 N to code other objects in various 
ways. For example, let H denote the set of finite non-empty sequences (qo, qi, . . . , q n ) 
of rationals with q n ^ 0. Then as H is countable, we can enumerate it as ho, h\, . . .. 
If now (y n ) and (v n ) are block sequences with f((v n )) = 0™°10™ 1 10 ri2 l . . ., then 
(v n ) codes an infinite sequence ^((v n ), (y n )) — (w n ) of (not necessarily normalised) 
non-zero blocks of (y n ) by the following rule: 

uk = qoyo + qiyi + ■■■ + q m y m , 

where h nk = (q , . . .,q m ). 

We should then notice three things about this type of coding: 

- It is inevitable, i.e., for all block sequences (y n ) of (x n ) and a £ 2 N , there 
is a block sequence (v n ) of (y n ) with tp((v n )) = a. 

- It is continuous, i.e., to know an initial segment of (u n ) = ^((v n ), (y n )), we 
only need to know initial segments of (v n ) and of (y n )- 

- It is stable under small perturbations. I.e., we can find some A = (5 n ) 
only depending on the basis constant of (x n ) with the following property. 
Assume that (v n ) and (y n ) are block bases of (x n ) with v n £ Fo U Ft for 
all n and such that &((v n ), (y n )) — K) is in fact a block sequence of (y n ) 
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with \ < u n < 2. Then whenever (v' n ) and (y' n ) are other block sequences 



V2n+1 = 



of (x n ) with \\v n — v' n \\ < | and \\y n — y' n \\ < 8 n for all n, the sequence 
&((v' n ), (y' n )) = (u' n ) will be a block sequence of (y' n ) that is 2-equivalent 
to (u n ). 

One can of course consider codings of other objects than sequences of vectors 
and, depending on the coding, obtain similar continuity and stability properties. 
The inevitability of the coding is often best used in the following form. 

- Suppose B is a set of pairs {{y n ), ct), where (y n ) is a block sequence of (x n ) 
and a e 2 N , such that for all block sequences (z n ) of (x n ) there is a further 
block sequence (y n ) and an a such that ((y n ),a) e B. Then for all block 
sequences (z n ) of (i n ) there is a further block sequence (y n ) such that for 
all n, y 2n +i € F U F 1 and {(y 2n ), <p((j/2n+i))) G B. 
To see this, let (z n ) be given and notice that by the inevitability of the coding there 
is a block sequence (w n ) of (z n ) such that W3„+i € Fq and W3„+2 € -Fi- Pick now 
a block sequence (v n ) of (u>3„) and an a such that ((«„), a) € B. Notice now that 
between v n and u n +i there are block vectors u>3j n _|_i and w;3i n +2 of (^n) belonging 
to i*o, respectively Fi. Thus, if we let j/2« = v n and set 

W3» n +i) if a n = 0; 
w 3irl+2 , if a n = 1. 

then ((2/2n),<p((j/2n+i))) e B. 

Lemma 2.1. Let ) ^ (x^) ^ (x^) ^ . . . &e a decreasing sequence of block bases 
of a basic sequence (x^)- Then there exists a block basis (y n ) of (x^) such that (y n ) 
is \[K -equivalent with a block basis of (x^) for every K. 

Proof. Let c(L) be a constant depending on the basis constant of such that 
if two block bases differ in at most L terms, then they are c(L)-equivalent. Find 
now a sequence Lq ^ L\ ^ L2 ^5 • • ■ of non- negative integers tending to +00 such 
that c(Lk) < VK. We can now easily construct an infinite block basis (y n ) such 
that for all K at most the first Lk terms of (y n ) are not blocks of {x^)^—l k +i- 
Then (y n ) differs from a block basis of (x%) in at most Lk terms and hence is 
V^-equivalent with a block basis of (x%)- □ 

3. Tightness 

3.1. Tight bases. The following definition is central to the rest of the paper. 

Definition 3.1. Consider a Banach space E with a basis (e„) and let Y be an 

arbitrary Banach space. We say that Y is tight in the basis (e„) if there is a 
sequence of successive non-empty intervals Iq < I\ < I2 < ■ ■ ■ ofN such that for all 
infinite subsets ACM, we have 

Y%[e n \n£ (J/,]. 

ieA 

In other words, if Y embeds into [e„]„ e s, then B C N intersects all but finitely 
many intervals Ii. 

We say that (e„) is tight if every infinite- dimensional Banach space Y is tight 
in (e„). 

Finally, an infinite- dimensional Banach space X is tight if it has a tight basis. 
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Also, the following more analytical criterion will prove to be useful. For simplic- 
ity, denote by Pi the canonical projection onto [e n ]nei- 

Lemma 3.2. Let X be a Banach space, (e„) a basis for a space E, and (I n ) finite 
intervals such that min J„ ► oo and for all infinite ACM, 



n— >oc 



X g [e n }n(U keA Ik- 
Then whenever T: X — > [e„] is an embedding, we have liming ||Pj fc T|| > 0. 

Proof. Suppose towards a contradiction that T : X — > E is an embedding such that 
for some infinite A C N, liim : ^ 00 ||Pj A ,T|| = 0. Then, by passing to an infinite subset 

keA 

of A, we can suppose that X) fee A 11-^=^1 < |||T _1 || _1 and that the intervals (I n )neA 
are disjoint. Thus, the sequence of operators (Pi k T)keA is absolutely summablc and 
therefore the operator ^keA^ik^ '■ X — > E exists and has norm < i 1 1 CZ~" 1 1 1 1 . 
But then for x e X we have 

\\^P Ik Tx\\ < \\"£Pi h T\\ ■ \\x\\ < ^ruM < 2^Tn ^ ' ^ = h™' 

keA keA ' ' ' ' 

and hence also 

\\(T--£P Ih T)x\\ > \\Tx\\ \\^P Ik Tx\\ > ||Ts|| - ±\\Tx\\ = \\\Tx\\. 

keA keA 

So T — ^keA^ik^ 1 1S still an embedding of X into £7. But this is impossible as 
T - EfeeA p iu T tak es values in [e n }n<t\j ksA i k - □ 

Proposition 3.3. A tight Banach space contains no minimal subspaces. 

Proof. Suppose (e„) is a tight basis for a space E and let Y be any subspace of E. 
Pick a block subspace X = [x n ] of E that embeds into Y. Since Y is tight in (e„), 
we can find a sequence of intervals (7j) such that Y docs not embed into [e„]„ e s 
whenever B C N is disjoint from an infinite number of intervals Ii. By passing 
to a subsequence (z„) of (x n ), we obtain a space Z = [z n ] that is a subspace of 
some [e„]„ e B where BCMis disjoint from an infinite number of intervals Ii, and 
hence Y does not embed into Z. Since Z embeds into Y, this shows that Y is not 
minimal. □ 

The classical example of space without minimal subspaces is Tsirelson's space T 
and it is not too difficult to show that T is tight. This will be proved later on as a 
consequence of a more general result. 

Any block sequence of a tight basis is easily seen to be tight. And also: 

Proposition 3.4. If E is a tight Banach space, then every shrinking basic sequence 
in E is tight. 

Proof. Suppose (e„) is a tight basis for E and (/„) is a shrinking basic sequence in 
E. Let Y be an arbitrary space and find intervals Iq < I\ < . . . associated to Y for 
(e„), i.e., for all infinite subsets A C N, we have Y % [e„ | n £ {J ieA Ii]- 
We notice that, since (e„) is a basis, we have for all m 

and, since (/„) is shrinking and the P/ fc have finite rank, we have for all k 



12 



VALENTIN FERENCZI AND CHRISTIAN ROSENDAL 



Using alternately (1) and (2), we can construct integers ko < ki < . . . and intervals 
Jo < Ji < ■ ■ ■ such that 

To see this, suppose fc„_i and J n -i have been defined and find some large k n > fc„_i 
such that ^ 

Now, choose m large enough that 



[/» | »>m] M ra + 1' 

and set J„ = [max J n _i+1, ml. Then IIP/, | r i . ,11 < — tt. It follows that if A C 

i/i i-T^nl rl-\-l 

N is infinite and T: y — > [/i]i£U„ e A J ™ * s an emD edding, then lim„ 6 A||-Pf fcn T\\ = 0, 
which contradicts Lemma T3. 2 1 So (J n ) witnesses that Y is tight in (/„). □ 

Corollary 3.5. If a tight Banach space X is reflexive, then every basic sequence 
in X is tight. 

Notice that, since co and l\ are minimal, we have by the classical theorem of 
James, that if X is a tight Banach space with an unconditional basis, then X is 
reflexive and so every basic sequence in X is tight. 

Example 3.6. The symmetrisation S(T^) of the p-convexification of Tsirelson's 
space, 1 < p < +oo, does not contain a minimal subspace, yet it is not tight. 

Proof. Since S(T^) is saturated with subspaces of and does not contain 
a minimal subspace, it follows that S(T^) does not have a minimal subspace. The 
canonical basis (e n ) of S(T^) is symmetric, therefore S(T^ P >) is not tight in (e n ) 
and so (e„) is not tight. By reflexivity, no basis of S(T^) is tight. □ 

3.2. A generalised asymptotic game. Suppose X = [x n ] and Y — [y n ] are two 
Banach spaces with bases. We define the game Hy,x with constant C ^ 1 between 
two players I and II as follows: I will in each turn play a natural number m, while 
II will play a not necessarily normalised block vector m € X and a natural number 
mi such that 

Ui e X[n , m ] + . . . + X[rii,mi], 
where, for ease of notation, we write X[k, m] to denote [x n ]k<^ n s^m- Diagramatically, 

I no ni n 2 n 3 

II wo, mo «i,mi U2,m 2 u 3 ,m 3 ... 

We say that the sequence (ui)igN is the outcome of the game and say that II wins 
the game if (itj) ~c (Vi)- 

For simplicity of notation, if X = [x n ] is space with a basis, Y a Banach space, 
Jo < I\ < I<z < . . . a sequence of non-empty intervals of N and K is a constant, we 
write 

Y^ K {X,U) 

if there is an infinite set 4CN containing such that 

y [x n | n £ (J J*], 
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i.e., Y embeds with constant K into the subspace of X spanned by {x n ) n £\j. eA ii- 
Also, write 

YQ(X,Ii) 

if there is an infinite set A C N such that Y C [x n | n (fc {J ieA Ii]. Notice that in 
the latter case we can always demand that £ A by perturbating the embedding 
with a finite rank operator. 

It is clear that if Y = [y n ] and II has a winning strategy in the game Hy.x with 
constant K, then for any sequence of intervals (Ii), Y \Z K (X, Ii). 

Modulo the determinacy of open games, the next lemma shows that the converse 
holds up to a perturbation. 

Lemma 3.7. Suppose X — [x n ] is space with a basis and K is a constant such that 
for all block bases Y of X there is a winning strategy for I in the game Hy x with 
constant 2K . Then there is a Borel function f : bb(X) — > [N] such that for all Y if 
Ij = [f(Y) 2j ,f(Y) 2j+1 ], then 

Y%k (X,Ij). 

Proof. Notice that the game Hy,x is open for player I and, in fact, if Q2K denotes 
the set of blocks u with ^ ^ IMI ^ IK, then the set 

A = {(Y,p) £ bb(X) x (N x Q 2K x N) N | either p is a legal run of the game Hy x 
with constant 2K in which I wins or p is not a legal run of the game Hy x} 

is Borel and has open sections Ay = {p G (Nx Q 2 k x N) n | (Y,p) £ A}. Also, since 
there are no rules for the play of I in Hy x, Ay really corresponds to the winning 
plays for I in Hy x with constant 2K. By assumption, I has a winning strategy to 
play in Ay for all Y, and so by the theorem on strategic uniformisation (see (35.32) 
in [21]), there is a Borel function a: Y ^ ay that to each Y associates a winning 
strategy for I in the game Hy x with constant 2K. 

Now let A = (5 n ) be a sequence of positive reals such that for all sequences 
of blocks (w n ) of X with ^ \\w n \\ ^ K and sequences of vectors (u„), if for 
all n, \\w n — u n \\ < S n , then (w n ) ~ 2 (««)■ We also choose sets D„ of finite (not 
necessarily normalised) blocks with the following properties: 

- for each finite d C N, the number of vectors u £ D n such that supp u = d 
is finite, 

- for all blocks vectors w with ^ \\w\\ ^ K, there is some u 6 D n with 
supp w = supp u such that ||u> — u\\ < S n . 

This is possible since the i^T-ball in [xj^gd i s totally bounded for all finite dCN. 
So for all sequences (w n ) of blocks with 1 ^ \\w n \\ ^ K there is some (u n ) £ J\ D„ 
such that supp w n — supp u n and ||iy„ — u n \\ < S n for all n, whence (w n ) ~ 2 (u n ). 

Suppose now that Y = [y n ] is given. For each p — (no,uo7 TO o, • • • , ni, Ui, TOj), 
where Uj £ Dj for all j and 

I no ni . . . ni 

II Mo, m o U\,m\ ... Ui,mi 

is a legal position in the game Hy x in which I has played according to cry , we write 
p < k if nj,Uj,mj < k for all j ^ i. Notice that for all k there are only finitely 
many such p with p < k, so we can define 

a(k) — max(fc, maxjoy (p) | p < k}) 
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and set Ik — [k,a(k)\. Clearly, the sequence (Ik) can be computed in a Borcl 
fashion from Y. The Ik are not necessarily successive, but their minimal elements 
tend to oo, so to prove the lemma it is enough to show that Y does not K-embed 
into [x n ] avoiding an infinite number of Ik- 

Suppose now for a contradiction that A C N is infinite, G A and yi t— > Wi is 
a if -embedding into [x n | n ^ UferfA^]- Using the defining properties of Dj, we 
find m € Dj such that \\u>i — Ui\\ < Si and supp Wi — supp Ui for all i, whereby 

(Ui) - 2 (Wj) ~K (Vi)- 

We now proceed to define natural numbers nj, mj, and a, € A such that for 
Pi = (no, ito, mo, . . . ,rii,Ui, m,i), we have 

(i) a = and [0,n [C 7 ao , 

(ii) mi = a l+ i - 1, 

(iii) pi is a legal position in Hy,x in which 1 has played according to ay, 

(iv) ]mi,n i+1 [C I a . +1 . 

Let ao = and no = ov(0) = a(0), whence I ao — [0, a(0)] = [0,no]. Find ai such 
that no, uo, &o < ai and set mo = a\ — 1. Then po = (no, wo, mo) is a legal position 
in -ffy.x in which 1 has played according to ay, po < 0,1, so m — ay (no, uo, mo) ^ 
a(a\), and therefore ]m ,ni[C I ai = \a\,a(ai)]. 

Now suppose by induction that no, - . - , and ao, . . . , Oj have been defined. Since 
[0, no[C I ao and ]mj,nj+i[C I aj+1 for all j < i, we have 

u.i e X[no,mo] + . . . + X[ni_i,mj_i] + X[ni,oo[. 

Find some Cij+i greater than all of n , . . . , n i} uq, . . . , itj, a , . . . , Oi and let mi = 
a, + i — f . Then 

Ui e -X"[n , m ] + . . . + X[ni_i,mi_i] + X[nj, mi] 

and pi = (no, tto, mo, . . . , n^, «j, mj) is a legal position played according to ay. Since 
Pi < Oi+i also 

= o-y(n ,uo,^o, ■ • .,ni,Ui,mi) < a(o i+ i). 

Thus ]mi,ni+i[C J a . +1 = [a i+ i, a(a i+ i)]. 

Now since po C pi C p 2 C . . ., we can let p = IJiPi an d see that p is a run of 
the game in which I followed the strategy ay and II has played (ui). Since cry is 
winning for I, this implies that (m) ^2K (yi) contradicting our assumption. □ 

Lemma 3.8. Suppose X = \x n ] is a space with a basis and Y is a space such that 
for all constants K there are intervals Iq K ^ < l[ K ^ < I^ < . . . such that Y %k 
(X,l\ K) ). Then there are intervals J < J\ < J2 < ■ ■ ■ such that Y % (X, Jj ) . 
Moreover, the intervals (Jj) can be computed in a Borel manner from {l\ K ^)i t K- 

Proof. By induction we can now construct intervals Jo < Ji < J2 < ■ ■ ■ such that 
J n contains one interval from each of (1^), ■ . . , (1^) and if M = min J n — 1 and 
K = \n ■ c(M)], then max J n > max/^' + M, where c(M) is a constant such 
that if two subsequences of (x n ) differ in at most M terms then they are c(M) 
equivalent. It then follows that if A C N is infinite, then 



Y % [Xn]n0U 16A J«- 
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To see this, suppose towards a contradiction that A C N is infinite and that for 
some integer TV, 

Pick then a £ A such that a ^ N and set M = min J a — 1 and K = \a ■ c(M)~\ . 
Define an isomorphic embedding T from 



\JJi] 

[x n | n ^ Ji & n > max JJ + [x n | max/Q^' < n ^ max J a ] 



[x n \nf. 

into 



by setting 

x n , if n > max J a ; 



T(x n ) 



-maxlW+n+l' if 71 ^ M " 



This is possible since max J„ > max/ ( | A '' + M. Also, since T only changes at most 
M vectors from (x n ), it is a c(M) embedding. Therefore, by composing with T and 
using that N ■ c(M) < a • c(M) < if, we see that 

Y C.jc [x n | n (£ [J Ji & n > max J ] + [a;„ | max/^' < n ^ max J Q ]. 

ieA 

In particular, as almost all J; contain an interval ij , we can find and infinite set 
BCN containing such that 

Y^ K [x n \n$ \J4 K) ], 
ieB 

which is a contradiction. □ 

Lemma 3.9. Let E — [e„] be given and suppose that for all block subspaces Z ^ E 
and constants C there is a block subspace X ^ Z such that for all block subspaces 
Y ^ X , I has a winning strategy in the game Hy,x with constant C . Then there 
is a block subspace X ^ E and a Borel function f: bb(X) — > [N] such that for all 
normalised block bases Y X , if we set Ij = [/(Y) 2 j, f(Y)2j+i], then 

Y%(X,Ij). 



Proof. Using the hypothesis inductively together with Lemma l3.7( we can construct 
a sequence Xq ^ X\ ^ X2 . . . of block subspaces Xk and corresponding Borel 
functions f K : bb(X K ) -> [N] such that for all V < X K if Ij = [f K (V) 2 j, f K (V)2j + i], 
then V% K * (X K ,Ij). _ 

Pick by Lemma 12.11 some block X^ of Xq that is -equivalent with a block 
sequence Zk of Xk for every K. Then for any block sequence Y of Xoc and any 
K there is some block sequence V ^ Zk ^ Xk such that Y is \/if -equivalent with 
V. Let (Ij) be the intervals given by fxiV) so that V %k 2 [Xk, Ij)- We can then 
in a Borel way from (Ij) construct intervals (Jj) such that V j2if 2 (ZK,Jj) and 
therefore also Y %r (X^, Jj). 

This means that there are Borel functions gK- bb(Xoo) — ► [N] such that for all 
Y ^ X x if Jf (Y) = [«^(Y) 2j , 9x (Y) 2j+1 ], then Y % K (X oc ,jf(Y)). Using 
Lemma 13.81 we can now in a Borel manner in Y define intervals Lq < J}' < . . . 
such that 

Yg(X oc ,Lj). 
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Letting /: bb{Xoo) — ► [N] be the Borel function corresponding to Y i— ► we 
have our result. □ 

As will be clear in Section [7J it can be useful to have a version of tightness 
that not only assures us that certain intervals exist, but also tells us how to ob- 
tain these. Thus, we call a basis (e n ) continuously tight if there is a continuous 
function f: bb(e n ) — ► [N] such that for all normalised block bases X, if we set 
7 J = [/(X) 2j ,/(X) 23+1 ],then 

i.e., X does not embed into [e„] avoiding an infinite number of the intervals 

We shall now improve Lemma 13.91 to conclude continuous tightness from its 
hypothesis. 

Lemma 3.10. Let E = [e n ] be given and suppose that for all block subspaces Z ^ E 
and constants C there is a block subspace X ^ Z such that for all block subspaces 

Y ^ X , I has a winning strategy in the game Hy.x with constant C . Then there is 
a continuously tight block subspace X ^ E. 

Proof. We observe that E does not contain a copy of cq. Indeed if Z is a block 
subspace of E spanned by a block sequence which is C-equivalent to the unit vector 
basis of Co, then for any Y ^ X ^ Z , II has a winning strategy in the game Hy,x 
with constant C 2 . We shall then use codings with inevitable subsets. So find first 
a block subspace Z of E such that there are inevitable, positively separated, closed 
subsets Fq and F% of Sz ■ By Lemma 13.91 we can find a further block subspace 

V of Z and and a Borel function g: bb(V) — > [N] such that for all Y ^ V, if 
Ij = \g(Y) 2 j,g(Y) 2j+1 ], then Y % (V,Ij). Define the set 

A = {(y n ) £ bb(V) | y 2n £ F n £ g((y 2n+1 j) and y 2n £ F 1 <^ n £ g{{y 2n +i)}- 

Obviously, A is Borel and, using inevitability, one can check that any block basis 
of V contains a further block basis in A. Thus, by Gowers' Determinacy Theorem, 
we have that for all A > there is a block sequence X of V such that II has a 
strategy to play into Aa when I plays block subspaces of X. Choosing A > 
sufficiently small, this easily implies that for some block basis X of E, there is a 
continuous function h: bb(X) — > bb(X) x [N] that to each W ^ X associates a pair 
(Y, (/„)) consisting of a block sequence Y of W and a sequence of intervals (J n ) 
such that Y % (V,Ij). Notice now that continuously in the sequence (Ij), we can 
construct intervals (Jj) such that Y % (X,Jj) and hence also W % (X,Ij). So 
the continuous function /: bb(X) — > [N] corresponding to W i— > (J?) witnesses the 
continuous tightness of X. □ 

We shall need the following consequence of continuous tightness in Section [71 

Lemma 3.11. Suppose (e„) is continuously tight. Then there is a continuous 
function f: [N] — > [N] swc/i that for all A, B £ [N], i/B is disjoint from an infinite 
number of intervals [f(A) 2i , f(A) 2i+ i\, then [e n ] n6 ^4 rfoes not embed into [e n ] n6 s- 

Proof. It is enough to notice that the function /i: [N] — » bb(e n ) given by = 
(e n ) n gA is continuous. So when composed with the function witnessing continuous 
tightness we have the result. □ 



BANACH SPACES WITHOUT MINIMAL SUBSPACES 



17 



3.3. A game for minimality. For L and M two block subspaces of E, define 
the infinite game Gl,m with constant C ^ 1 between two players as follows. In 
each round I chooses a subspace Fj C L spanned by a finite block sequence of 
L, a normalised block vector m e Eq + . . . + Ei, and an integer TOj. In the first 
round II plays an integer n , and in all subsequent rounds II plays a subspace Fj 
spanned by a finite block sequence of M, a (not necessarily normalised) block vector 
Vj € F + . . . + Fi and an integer n i+ i. Moreover, we demand that rn ^ Ei and 

TO; Fj. 

Diagramatically, 

I n < E C i ni < £i C L 
u eFo,TOo ui € E Q + Ei, mi 

II n too s$ F C M toi sC Fi C M . . . 

v e F , ni «i € F + Fi , n 2 

The outcome of the game is the pair of infinite sequences (uj) and (vi) and we say 
that II wins the game if (m) 

Lemma 3.12. Suppose that X and Y are block subspaces of E and that player II 
has a winning strategy in the game Hy.x with constant C. Then II has a winning 
strategy in the game Gy,x with constant C. 

Proof. We shall in fact prove that II has a winning strategy in a game that is 
obviously harder for her to win. Namely, we shall suppose that II always plays 
rii = 0, which obviously puts less restrictions on the play of I. Moreover, we do not 
require I to play the finite-dimensional spaces Ei, which therefore also puts fewer 
restrictions on I in subsequent rounds. Therefore, we shall suppress all mention of 
Ei and rii and only require that the m are block vectors in Y . 

While playing the game Gy,x, II will keep track of an auxiliary play of the game 
Hy.x in the following way. In the game Gy.x we have the following play 

I u e Y, m u\ € Y, mi 

II too F C X mi < Fi C X . . . 

v e F vi£F + Fi 

We write each vector tt, = ^2^ =0 XjVj and may for simplicity of notation assume 
that ki < k i+ i. The auxiliary run of Hy^x that II will keep track of is as follows, 
where II plays according to her winning strategy for Hy.x- 

I too . . . too toi . . . mi 

II w ,p ... w ko ,p ko w ka+ i,p ko+ i ... w kl ,p kl ... 

To compute the Vi and Fi in the game Gy : x, II will refer to the play of Hy t x and 
set 

ki 

and let 

Fi = X[mi,msLx{p ki _ 1+1 , . . . ,p ki }]- 
It is not difficult to see that to, ^ Fj C X, Vi € Fo + . . . + Fj, and that the Fj and 
Vi only depends on uo, ■ ■ ■ , Ui and Too, . . . , m». Thus this describes a strategy for II 
in Gy t x and it suffices to verify that it is a winning strategy. 
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But since II follows her strategy in Hy,x, we know that (to,*) ~c (yi) and there- 
fore, since m and v\ are defined by the same coefficients over respectively (yi) and 
(ifj), we have that (vi) ~c (%)• D 

3.4. A dichotomy for minimality. We are now in condition to prove the central 
result of this paper. 

Theorem 3.13 (3rd dichotomy). Let E be a Banach space with a basis (e^). Then 
either E contains a minimal block subspace or a continuously tight block subspace. 

Proof. Suppose that E has no continuously tight block basic sequence. By Lemma 
13.101 we can, modulo passing to a block subspace, suppose that for some constant 
C and for all block subspaces X ^ E there is a further block subspace Y ^ X 
such that I has no winning strategy in the game Hy,x with constant C . By the 
dcterminacy of open games, this implies that for all block subspaces X ^ E there 
is a further block subspace Y ^ X such that II has a winning strategy in the game 
Hy,x with constant C . 

A state is a pair (a, 6) with a,b £ (Q' x F) <w , where F is the set of subspaces 
spanned by finite block sequences and Q' the set of not necessarily normalised 
blocks, such that \a\ = \b\ or \a\ = \b\ + 1. The set S of states is countable, and 
corresponds to the possible positions of a game Gl.m after a finite number of moves 
were made, restricted to elements which do affect the outcome of the game from 
that position (i.e., m^'s and n^s are forgotten). 

For each state s — (a, b) we will define the game Gl,m(s) in a manner similar to 
the game Gl,m depending on whether \a\ = \b\ or \a\ = \b\ + 1. To avoid excessive 
notation we do this via two examples: 

If a — (do, Aq, oi, A\), b — (bg, Bo,bi, Bi), the game Gl,m(s) will start with 
II playing some integer n 2 , then I playing (u 2 , E 2 ,m 2 ) with n 2 ^ E2 C L and 
u 2 £ A + A 1 +E 2 , II playing (u 2 , ^2,^13) with m 2 ^ F 2 C M and v 2 S B + B 1 +F 2 , 
etc, and the outcome of the game will be the pair of infinite sequences (do, ai, u 2 , . . .) 
and (b ,bi,v 2 , ■ ■ ■)■ 

If a = (do, Aq, a±, Ai), b = (60, -Bo), the game Gl,m(s) will start with I playing 
some integer mi, then II playing (v\, Fi,n 2 ) with mi $C F\ C M and v\ £ Bq+Fi, I 
playing (u 2 , E 2 , m 2 ) with n 2 ^ E 2 C L and u 2 £ Aq + Ai+E 2 , etc, and the outcome 
of the game will be the pair of infinite sequences (do, a±,u 2 , . . .) and (bo,vi,v 2 , . . .). 

The following lemma is well-known and easily proved by a simple diagonalisation. 

Lemma 3.14. Let N be a countable set and let p: bb(E) — > ~P(N) satisfy either 

V C W => /ti(V) C M (W) 

or 

V C W A*(F) 2 

T/ien t/iere exists a stabilising block subspace Vq E, i.e., such that p(V) = p(Vo) 
for any V Vo- 

Let now r: 66(B) -> P(5) be defined by 

s 6 t(M) 3L ^ M such that player II has a winning strategy in Gl,m(s). 

By the asymptotic nature of the game we see that M' ^* M =>■ r(M') C r(M), 
and therefore there exists Mq ^ -E which is stabilising for r. We then define a map 
p: bb(E) -> V(S) by setting 

s £ p(L) player II has a winning strategy in Gl,m {s). 
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Again L' ^* L => p(L') D p(L) and therefore there exists Lo ^ Mq which is 
stabilising for p. Finally, the reader will easily check that p(Lo) = t(Lq) — t(Mq). 

Lemma 3.15. For every M ^ Lq, II has a winning strategy for the game Gl ,m- 

Proof. Fix M a block subspace of L . We begin by showing that (0,0) G t(L ). 
To see this, we notice that as L ^ E, there is a Y ^ L such that II has a winning 
strategy for Hy,l an d thus, by Lemma 13.121 also a winning strategy in Gy,L with 
constant C. So (0,0) G r(L ). 
We will show that for all states 

((it , E Q , ... , m, Ei), (v ,F , . . . , Vi,Fi)) G r(L ), 

there is an n such that for all n ^ E C Lo and it G £?o + • • • + Ei + E, we have 

((ttOj-Eb, ■ • - ,Ui,E h u,E), (vo,F , . . . ,Vi,Fi)) G r(i )- 

Similarly, we show that for all states 

((u ,E , • • ■ , u l+ i,E l+1 ), (v Q ,F , . . . , Vi, Fi)) G t(L ) 

and for all m there are m ^ F C M and u G Fo + . . . + Fi + F such that 

((u Q ,E , . . . ,u i+1 ,E i+1 ), (v ,F , . . . ,Vi,Fi,v,F)) G t(L q ). 

Since the winning condition of Gl ,m is closed, this clearly shows that II has a 
winning strategy in Gl ,m (except for the integers m and n, t(Lq) is a winning 
quasi strategy for II). 
So suppose that 

s = ((uq,E , . . .,Ui,Ei), {v ,F , . . .,Vi,Fi)) G t(L ) = p(L ), 

then II has a winning strategy in Gl ,m (s) and hence there is an n such that for 
all n ^ E C L and u G E + . . . + Ei + E, II has a winning strategy in Gl ,m (s 1 ), 
where 

s' = ((u ,Eq, . . . ,Ui,Ei,u,E), (vq,F q , . . .,Vi,Fi)). 

So s' G p(L ) = r(L ). 
Similarly, if 

s = ((u ,E , . . . ,u i+1 ,E i+1 ), (v ,F , . . .,v l ,F l )) G r(L ) = r(M) 

and to is given, then as II has a winning strategy for Gl,m (s) for some L M, 
there are m ^ F C M and I? G Fq + . . . + Fi + F such that II has a winning strategy 
in Gl,m( s ')j where 

s' = ((u Q ,E , . . . ,u i+1 ,E i+1 ), (v ,F , . . .,Vi,Fi,v,F)). 

So s' G t(M) = t(L ). □ 

Choose now Y — [y,-] ^ Lo such that II has a winning strategy in Hy,l - We 
shall show that any block subspace M of Lo contains a C 2 -isomorphic copy of Y, 
which implies that Y is C 2 + e-minimal for any e > 0. 

To see this, notice that, since II has a winning strategy in Hy,l , player I has a 
strategy in the game Gl ,m to produce a sequence («,•) that is C-equivalent with 
the basis (yi). Moreover, we can ask that I plays m.j = 0. Using her winning 
strategy for Gl ,m, II can then respond by producing a sequence (vi) in M such 
that (v^ ~ c (ui). So (v^ ~ C 2 (yj) and F C C 2 M. □ 
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Finally we observe that by modifying the notion of embedding in the definition 
of a tight basis, we obtain variations of our dichotomy theorem with a weaker form 
of tightness on one side and a stronger form of minimality on the other. 

Theorem 3.16. Every Banach space with a basis contains a block subspace E = 
[e n ] which satisfies one of the two following properties: 

(1) For any [iji] ^ E, there exists a sequence (Ii) of successive intervals such 
that for any infinite subset A of N, the basis (j/j) does not embed into 
[en]n£u ie Aii as a sequence of dis jointly supported blocks , resp. as a permu- 
tation of a block- sequence, resp. as a block- sequence. 

(2) For any [y,] ^ E, (e n ) is equivalent to a sequence of disjointly supported 
blocks of [yi], resp. (e n ) is permutatively equivalent to a block- sequence of 
[yi], resp. (e n ) is equivalent to a block-sequence of[yi\. 

The case of block sequences immediately implies the theorem of Pelczar [30] . 

The fact that the canonical basis of T* is strongly asymptotically too implies 
easily that it is tight for "embedding as a sequence of disjointly supported blocks" 
although T* is minimal in the usual sense. We do not know of other examples 
of spaces combining one form of minimality with another form of tightness in the 
above list. 

4. Tightness with constants and crude stabilisation of local 

structure 

We shall now consider a stronger notion of tightness, which is essentially local in 
nature. Let E be a space with a basis (e„). There is a particularly simple case when 
a sequence (Ii) of intervals associated to a subspace Y characterises the tightness of 

Y in (e„). This is when for all integer constants K, Y %k [ e n] n K - This property 
has the following useful reformulations. 

Proposition 4.1. Let E be a space with a basis (e„). The following are equivalent: 

(1) For any block sequence (y n ) there are intervals Iq < I\ < 1% < . . . such that 
for all K , 

(2) For any space Y , there are intervals Iq < I\ < I2 < • ■ • such that for all 
K, 

Y % K [e n ]n$lK- 

(3) No space embeds uniformly into the tail subspaces of E. 

(4) There is no K and no subspace of E which is K-crudely finitely repre- 
sentable in any tail subspace of E. 

A basis satisfying properties (1), (2), (3), (4), as well as the space it generates, 
will be said to be tight with constants. 

Proof. The implications (1)=^(2)=^(3) are clear. 

To prove (3)=>(4) assume some subspace Y of E is if-crudely finitely repre- 
sentable in any tail subspace of E. Without loss of generality, we may assume that 

Y = [y n ] is a block subspace of E. We pick a subsequence (z n ) of (y n ) in the 
following manner. Let zq — yo, and if zq, . . . ,Zk-i have been chosen, we choose 
Zk far enough on the basis (e„), so that [zq, • ■ ■ , Zfc-i] has a 2_?£T-isomorphic copy 
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in [e n | k n < min(supp Zk)\- It follows that for any k, Z = [z n ] has an M- 
isomorphic copy in the tail subspace [e n | n ^ k] for some M depending only on K 
and the constant of the basis (e„). 

To prove (4)=>(1), let c(L) be a constant such that if two block sequences differ in 
at most L terms, then they are c(L)-equivalent. Now assume (4) holds and let (y n ) 
be a block sequence of (e„). Suppose also that I Q < . . . < Ik-x have been chosen. 
By (4) applied to Y = [yn]^ max j K ,-i-i! we can then find to and / > maxlx-i 
such that [yn]i =max / K _ 1+ i does not K ■ c(max/ A '-i + l)-embed into [e n ]£L m . Let 
now 

Ik = [maxi^_i + 1, 1 + to] 
and notice that, as [y«]'„ =max i K _ 1+ i Q [Vn]nei K , we have that [y n ]nei K does not 
K ■ c(max//<_i + l)-embed into [e„]^L m . Also, since (e„)^° =m and 

only differ in max/jf_i + 1 many terms, [y n ]n^i K does not if-embcd into 



■|max/jf_i r 100 



and thus not into the subspace [e n ]n£i K either. □ 

It is worth noticing that a basis (e ra ), tight with constants, is necessarily contin- 
uously tight. For a simple argument shows that in order to find the intervals Ik 
satisfying (1) above, one only needs to know a beginning of the block sequence (y n ) 
and hence the intervals can be found continuously in (y rl ). From Proposition 14.11 
we also deduce that any block basis or shrinking basic sequence in the span of a 
tight with constants basis is again tight with constants. 

There is a huge difference between the fact that no subspace of E is i^-crudely 
finitely representable in all tails of E and that no space is if-crudely finitely repre- 
sentable in all tails of E. For example, we shall see that while the former holds for 
Tsirelson's space, of course the latter fails, since Tsirelson's space is asymptotically 
h- 

Recall that a basis (e„) is said to be strongly asymptotically £ p , 1 ^ p ^ +oo, 
[5j, if there exists a constant C and a function / : N — > N such that for any n, 
any family of n unit vectors which are disjointly supported in [e^ | k ^ f{n)\ is 
C-equivalent to the canonical basis off™. 

Proposition 4.2. Let E be a Banach space with a strongly asymptotically £ p basis 
(e„), 1 ^ p < +oo, and not containing a copy of t p . Then (e n ) is tight with 
constants. 

Proof. Assume that some Banach space Y embeds with constant K in any tail sub- 
space of E. We may assume that Y is generated by a block-sequence (y n ) of E and, 
since any strongly asymptotically £ p basis is unconditional, (y„) is unconditional. 
By renorming E we may assume it is 1-unconditional. By a result of W.B. Johnson 
[20j for any n there is a constant d(n) such that (yo, ■ ■ ■ , y n ) is 2/iT-equivalent to a 
sequence of vectors in the linear span of d(n) disjointly supported unit vectors in 
any tail subspace of E, in particular in [e& | k ^ f(d(n))]. Therefore [yo, . . . ,y n ] 
2i4TC-embeds into l p . This means that Y is crudely finitely representable in £ p and 
therefore embeds into L p , and since (y n ) is unconditional asymptotically £ p , that Y 
contains a copy of £ p (details of the last part of this proof may be found in [6]). □ 
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Corollary 4.3. Tsirelson's space T and its convexifications T^ p \ 1 < p < +oo, are 
tight with constants. 

Observe that on the contrary, the dual T* of T, which is strongly asymptotically 
ioc and does not contain a copy of cq, is minimal and therefore does not contain 
any tight subspace. 

Suppose a space X is crudely finitely representable in all of its subspaces. Then 
there is some constant K and a subspace Y such that X is if-crudely finitely 
representable in all of the subspaces of Y . For if not, we would be able to construct a 
sequence of basic sequences (x„) in X such that (x^ +1 ) is a block sequence of (x~; ) 
and such that X is not X 2 -crudely finitely representable in [x%]. By Lemma T2.ll 
we can then find a block sequence (y n ) of (a;°) that is \/^-equivalent with a block 
sequence of (x„ ) for any K and hence if X were .fT-crudely finitely representable in 
[y n ] for some K, then it would also be if 3 / 2 -crudely finitely representable in [x%], 
which is a contradiction. 

When a space X is if-crudely finitely representable in any of its subspaces for 
some K, we say that X is locally minimal. For example, by the universality prop- 
erties of Co, any space with an asymptotically basis is locally minimal. 

Theorem 4.4 (5th dichotomy). Let E be an infinite- dimensional Banach space 
with basis (e„). Then there is a block sequence (x n ) satisfying one of the following 
two properties, which are mutually exclusive and both possible. 

(1) (x n ) is tight with constants, 

(2) [x n ] is locally minimal. 

Proof. If E contains Co, the result is trivial. So suppose not and find by the solution 
to the distortion problem a block sequence (y n ) and inevitable, positively separated, 
closed subsets Fq and Fi of the unit sphere of [y n ]. Define for each integer K ^ 1 
the set 

A K = {(z n ) ^ (y n ) | z 2n G F U Fi and (z 2n ) codes by O's and l's a block 

sequence (v n ) of (z 2n +i) such that for all N, [v n ] C K [z 2n +i] n ^N 

and moreover 1/2 < ||u n || < 2}. 

Clearly is analytic, so we can apply Gowers' Determinacy Theorem to get one 
of two cases 

(i) either there is a block sequence (x n ) and a K such that player II has a 
strategy to play inside (Ak)a whenever I plays a block sequence of {x n ), 
where A will be determined later, 

(ii) or we can choose inductively a sequence of block sequences (x„ ) such that 
(x% +1 ) ^ {Xn) an d such that no block sequence of (x^) belongs to Ak- 

Consider first case (ii). Set w n — x 2n and choose now further block sequences 
(x n ) and (h n ) of (w n ) such that 

xq < ho < hi < x\ < h 2 < h 3 < X4 < . . . 

and h 2n G F , h 2n +i G Fi. 

We claim that (x n ) is tight with constants. If not, we can find some block 
sequence (u n ) of (x n ) and a K such that [u n ] embeds with constant K into any tail 
subspace of [x n ]. By passing to tails of (x n ) and of (u n ), we can suppose that (x n ) 
is a block sequence of (x%), (u n ) is a block sequence of (x n ) and [u n ] K-embeds into 
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all tails of [x n \. By filling in with appropriate hi between x n and x n +i, we can now 
produce a block sequence (z n ) of (x%) such that (z2n) codes by O's and l's the block 
sequence (u n ) of (z2n+i) with the property that for all N, [u n ] \=k [z2n+i]n^N ■ In 
other words, we have produced a block sequence of (x„ ) belonging to Ak, which 
is impossible. Thus, (x n ) is tight with constants. 

Consider now case (i) instead and let II play according to his strategy. We 
suppose that A is chosen sufficiently small so that 5i < dist(i r o, F±)/3 and if two 
block sequences are A-close then they are 2-equivalent. Let (y n ) G (Ak)a be the 
response by II to the sequence (x n ) played by I and let (z„) G Ak be such that 
\\z n — Un\\ < 8 n for all n. Then (z2n) codes by O's and l's a block sequence (v n ) 
of (^2n+i)- Let (u n ) be the block sequence of (j/2n+i) constructed in the same 
way as (v n ) is constructed over (z2n+i)- We claim that (u n ) is 2Jf-crudely finitely 
representable in any block subspace of [x n ] . 

For this, let [uq, . . . , u m ] be given and suppose that (/„) is any block subspace of 
(x n ). Find a large k such that (zo, 22, ■ ■ ■ , Z2k) codes the block sequence (vq, ■ ■ ■ , v m ) 
of (zi, . . . , Z2fe+i) and let I be large enough so that when I has played Xq, . . . , xi then 
II has played yo, . . . , j/2fc+i- Consider now the game in which player I plays 

x ,xi, . . . ,Xi,fi +1 ,fi +2 , .... 

Then, following the strategy, II will play a block sequence 

VO,---, y2fc+li.92fc+2,52fc+3, ■ ■ ■ S (Ajt)a- 

So let (h n ) € Ak be such that \\h n — y n \\ < 5 n for all n. Then, as \\h2n ~ z 2n|| < 
2S n < |dist(F ,Fi), we have that h 2n eFjO z 2n G Fi- Also, (h 2n +i) and (y 2n +i) 
are 2-equivalent, so (/i2n) will code a block sequence (w n ) such that (wq, . . . ,w m ) 
is 2-equivalent to [uq, . . . , u m ). Moreover, since (h n ) € Ak, [w n ] will K-embed into 
every tail subspace of [/i2n+i], and thus, since (/i2n+i) is block of (/ n ), [uq, . . . , u TO ] 
will 2if -embed into [/„]. □ 

Local minimality can be reformulated in a way that makes the relation to local 
theory clearer. For this, let ¥ n be the metric space of all n-dimensional Banach 
spaces up to isometry equipped with the Banach-Mazur metric 

d(X,Y) = inf (log(||T|| • WT^W) \ T: X Y is an isomorphism ) . 

Then for every Banach space X, the set of n-dimensional Y that are almost iso- 
metrically embeddable into X form a closed subset (X) n of F„. It is well-known 
that this set (X) n does not always stabilise, i.e., there is not necessarily a subspace 
Y C X such that for all further subspaces Z C Y, (Z) n = (Y) n . However, if 
instead X comes equipped with a basis and for all block subspaces Y we let {Y} n 
be the set of all n-dimensional spaces that are almost isometrically embeddable 
into all tail subspaces of Y, then one can easily stabilise {Y} n on subspaces. Such 
considerations are for example the basis for [26] . 

Theorem 14.41 gives a dichotomy for when one can stabilise the set (X) n in a 
certain way, which we could call crude. Namely, X is locally minimal if and 
only if there is some constant K such that for all subspaces Y of X and all n, 
dH{{X) n ,(Y) n ) ^ K, where du is the Hausdorff distance. So by Theorem 14.41 
the local structure stabilises crudely on a subspace if and only if a space is not 
saturated by basic sequences tight with constants. 
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Often it is useful to have a bit more than local minimality. So we say that a basis 
(e n ) is locally block minimal if it is X-crudely finitely block representable in all of its 
block bases for some K. As with crude finite representability we see that there then 
must be a constant K and a block (y n ) such that (e„) is A"-crudely finitely block 
representable in all block subspaces of (y n )- We now have the following version of 
Theorem 14.41 for finite block representability. 

Theorem 4.5. Let (e„) be a Schauder basis. Then (e n ) has a block basis (x n ) with 
one of the following two properties, which are mutually exclusive and both possible. 

(1) For all block bases (y n ) of (x n ) there are intervals I\ < I2 < I3 < • • • such 
that (jj n )n<Ei K is not K -equivalent to a block sequence of {x n ) n ai K , 

(2) (x n ) is locally block minimal. 

When (x n ) is asymptotically £ p and some block subspace [y n ] of [x n ] is uniformly 
block finitely representable in all tail subsequences of (x n ), then it is clear that (y n ) 
must actually be equivalent with the unit vector basis of £ p , or cq for p — 00. So 
this shows that for asymptotically £ p bases (a; n ), either [x n ] contains an isomorphic 
copy of £ p or Co or (x n ) itself satisfies condition (1) of Theorem 14.51 This is the 
counterpart of Proposition l4~2l for block sequences. In particular, since T* does not 
contain Co, but has a strongly asymptotically £00 basis, it thus satisfies (1). 

Finally wc note that there exist tight spaces which do not admit subspaces which 
are tight with constants: 

Example 4.6. There exists a reflexive, tight, locally block minimal Banach space. 

Proof. E. Odell and T. Schlumprecht [29] have built a reflexive space OS with a 
basis such that every monotone basis is block finitely representable in any block 
subspace of OS. It is in particular locally block minimal and therefore contains no 
basic sequence which is tight with constants. We do not know whether the space 
OS is tight. Instead, we notice that since the summing basis of cq is block finitely 
representable in any block subspace of OS, OS cannot contain an unconditional 
block sequence. By Gowers' dichotomy theorem it follows that some block subspace 
of OS is HI, and by Theorem 13.131 and the fact that HI spaces do not contain 
minimal subspaces, that some further block subspace is tight, which completes the 
proof. □ 

It is unknown whether there is an unconditional example with the above prop- 
erty. There exists an unconditional version of OS [28j but it is unclear whether it 
has no minimal subspaces. We do have however: 

Example 4.7. There exists a reflexive space with an unconditional basis which is 
tight and locally minimal. 

The example will be the dual of a space constructed by Gowers in [T3]. The 
proof requires some knowledge of the techniques used in that article and will be 
given in Section [5] 

5. Tightness by range and subsequential minimality 

Theorem 11.11 shows that if one allows oneself to pass to a basis for a subspace, 
one can find a basis in which there is a close connection between subspaces spanned 
by block bases and subspaces spanned by subsequences. Thus, for example, if the 
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basis is tight there can be no space embedding into all the subspaces spanned by 
subsequences of the basis. On the other hand, any block basis in Tsirelson's space 
T is equivalent to a subsequence of the basis, and actually every subspace of a block 
subspace [x n ] in T contains an isomorphic copy of a subsequence of (x n ). In fact, 
this phenomenon has a deeper explanation and we shall now proceed to show that 
the connection between block sequences and subsequences can be made even closer. 

Lemma 5.1. If (e n ) is a basis for a space not containing cq, then for all finite in- 
tervals (I n ) such that min/„ — > oo and all subspaces Y , there is a further subspace 

n — >oo 

Z such that 

\\PM\ „— > o. 

k — >oo 

Proof. By a standard perturbation argument, we can suppose that Y is gener- 
ated by a normalised block basis (?/„). Let K be the basis constant of (e„). As 
min/„ — ► oo and each /„ is finite, we can choose a subsequence (v n ) of (y n ) such 

n — >oo 

that for all k the interval Ik intersects the range of at most one vector v m from 
(v n ). Now, since Cq does not embed into [e„], no tail sequence of (v n ) can satisfy 
an upper Co estimate. This implies that for all N and 6 > there is a normalised 
vector 

N' 

Z = ^2 Vi v h 
i=N 

where \r)i\ < 5. Using this, we now construct a normalised block sequence (z n ) of 
(v n ) such that there are m(0) < m(l) < . . . and with 



m(ra+l)-l 

E 

i— m(n) 



a.: V.: 



and | a, | < ^ whenever m(n) < i < m(n + 1). 

Now suppose u = J^j ^j z j an d k are given. Then there is at most one vector z n 
whose range intersect the interval Ik- Also, there is at most one vector v p from the 
support of z n whose range intersect Ik- Therefore, 

\\PMW = l|f/ fc (A„z n )|| = \\P Ik (X n a p v p )\\ 



2K AK 2 
^2K\\X n a p v p \\ < |A n | s$ 



u 



n n 

It follows that ||-PrJ[ Zi ]|| ^ wriere n k is such that Ik intersects the range of 

z rik (or nk — k if Ik intersects the range of no z n ). Since min/fc — ► oo and (z„) is 

k — ^cx: 

a block basis, nk — > oo when k — > oo, and hence \\Pi k \{ z ,\ \\ — > 0. □ 

k^oc 

Our next result should be contrasted with the construction by Pelczyhski [3T] 
of a basis (/j) such that every basis is equivalent with a subsequence of it, and 
hence such that every space contains an isomorphic copy of a subsequence. We 
shall see that for certain spaces E such constructions cannot be done relative to the 
subspaces of E provided that we demand that (/„) lies in E too. Recall that two 
Banach spaces are said to be incomparable if neither one embeds into the other. 

Proposition 5.2. Suppose that (e„) is a basis such that any two block subspaces 
with disjoint ranges are incomparable. Suppose also that (/„) is either a block basis 
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or a shrinking basic sequence in [e n ] . Then [e n ] is saturated with subspaces Z such 
that no subsequence of (/ n ) embeds into Z . 

Proof. Suppose first that (/„) is shrinking. Then, by taking a perturbation of (f n ), 
we can suppose that each /„ has finite support with respect to the basis (e,) and, 
moreover, that minrange(/„) — > oo. Let /„ = range(/„). 

Fix an infinite set N C N. Then for all infinite subsets A C N there is an 
infinite subset B C A such that (f n )neB is a ( n °t necessarily normalised) block 
sequence and hence, since (e n ) is tight by range, [fnjneB % [ e «.]n^U eB u > an d so 
also [f n ] neN % [ e n]n^\J mA h- Applying Lemma [372] to X = [f n ]neN, this implies 
that for all embeddings T: [f n ]neN — * [e„]„GN, we have liminf ne jv||Pj fc T|| > 0. 
So find by Lemma [57X1 a subspace Z Q Y such that ||P/ fc |z|| — ► 0. Then no 

k — >oo 

subsequence of (f n )eH embeds into Z. 

The argument in the case (f n ) is a block basis is similar. We set I„ = range /„ 
and repeat the argument above. □ 

We notice that in the above proof we actually have a measure for how "flat" a 
subspace Z of [e n ] needs to be in order that the subsequences of (/„) cannot embed. 
Namely, it suffices that \\Pi k \z\\ — > 0. 

k — >oa 

We should also mention that, by similar but simpler arguments, one can show 
that if (e ra ) is a basis such that any two disjoint subsequences span incompara- 
ble spaces, then some subspace of [e n ] fails to contain any isomorphic copy of a 
subsequence of (e n ). 

The assumption in Proposition ^. 21 that block subspaces with disjoint ranges are 
incomparable is easily seen to be equivalent to the following property of a basis 
(e„), that we call tight by range. If (y n ) is a block sequence of (e„) and A C N is 
infinite, then 

[y n ]neN % [e« | n £ [J range 

Thus, (e n ) is tight by range if it is tight and for all block sequences (y n ) of (e ra ) the 
corresponding sequence of intervals Ii is given by Ii — range j/j. This property is 
also weaker than disjointly supported subspaces being incomparable, which we shall 
call tight by support. It is trivial to see that a basis, tight by range, is continuously 
tight. 

We say that a basic sequence (e n ) is sub sequentially minimal if any subspace of 
[e n ] contains an isomorphic copy of a subsequence of (e„). It is clearly a weak form 
of minimality. 

In [22j the authors study another notion in the context of certain partly modified 
mixed Tsirelson spaces that they also call subsequential minimality. According 
to their definition, a basis (e„) is subscqucntially minimal if any block basis has 
a further block basis equivalent to a subsequence of (e„). However, in all their 
examples the basis (e„) is weakly null and it is easily seen that whenever this 
is the case the two definitions agree. They also define (e n ) to be strongly non- 
subsequentially minimal if any block basis contains a further block basis that has 
no further block basis equivalent to a subsequence of (e„). By Proposition 15. 2[ this 
is seen to be weaker that tightness by range. 

We shall now proceed to show a dichotomy between tightness by range and 
subsequential minimality. 
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Theorem 5.3 (4th dichotomy). Let E be a Banach space with a basis (e n ). Then- 
there exists a block sequence (x n ) of (e n ) with one of the following properties, which 
are mutually exclusive and both possible: 

(1) Any two block subspaces of [x n ] with disjoint ranges are incomparable. 

(2) The basic sequence (x n ) is sub sequentially minimal. 

Arguably Theorem 15.31 is not a dichotomy in Gowers' sense, since property (2) 
is not hereditary: for example the universal basis of Pelczyhski [31] satisfies (2) 
while admitting subsequences with property (f). However, it follows obviously 
from Theorem 15.31 that any basis (e n ) either has a block basis such that any two 
block subspaces with disjoint ranges are incomparable or has a block basis (x n ) 
that is hereditarily sub sequentially minimal, i.e., such that any block has a further 
block that is subsequentially minimal. Furthermore, by an easy improvement of 
our proof or directly by Gowers' second dichotomy, if the first case of Theorem 15.31 
fails, then one can also suppose that [x n ] is quasi minimal. 

We shall call a basis (x n ) sequentially minimal if it is both hereditarily subse- 
quentially minimal and quasi minimal. This is equivalent to any block basis of 
(x n ) having a further block basis (y n ) such that every subspace of [x n ] contains an 
equivalent copy of a subsequence of (y n )- We may therefore see Theorem 15.31 as 
providing a dichotomy between tightness by range and sequential minimality. 

Before giving the proof of Theorem l5.31 we first need to state an easy consequence 
of the definition of Gowers' game. 

Lemma 5.4. Let E be a space with a basis and assume II has a winning strategy 
in Gowers' game in E to play in some set B. Then there is a non-empty tree T of 
finite block sequences such that [T] C B and for all (j/q , . . . , y TO ) € T and all block 
sequences (z n ) there is a block y m +i of (z n ) such that (yo, ■ ■ ■ , Dm> Um+i) € T. 

Proof. Suppose a is the strategy for II. We define a pruned tree T of finite block 
bases (yo, . . . , y m ) and a function ip associating to each (yo, ...,fa)€Ta sequence 
(zo, . . . , Zk) such that for some ko < ■ ■ ■ < k m = k, 

I Zq ... Zk a z k + l ■ ■ ■ z ki ■ ■ ■ z fc m -l ■ ■ ■ z k m 

II ^0 Vl ■■■ Vrn 

has been played according to a. 

• The empty sequence is in T and "0(0) = 0- 

• If (y , ■ ■ -,y m ) € T and 

*P(yo, ■ ■ -,y m ) = (z , ■ ■ -,zk), 

then we let (yo, . . . , y m , Vm+i) G T if there are some zj~ < Zk+i < . ■ ■ < z% 
and ko < ■ ■ . < k m = k such that 

I Z ... Zk Zk + 1 ■■■ Zk 1 ... z k m +l ■■■ Zfcj 

II yo yi ■ ■ ■ y m +i 

has been played according to a and in this case we let 

i>(yo, ■ ■ -,yk,y m ) = (zo, ■ ■ .,z k ,z k+1 , ...,zi) 

be some such sequence. 
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Now, if (y , j/i, ?/2, • • •) is such that (y , . . . , j/ m ) € T for all to, then ^i(0) C ?/>(j/ ) C 
^(j/Oj yi) C ... and (j/i) is the play of II according to the strategy cr in response to 
(zi) being played by I. So [T] C B. It also follows by the construction that for each 
(Vo, ■ ■ • iVm) € T and block sequence (zj) there is a block y m +i of (z,) such that 

(y , ■ ■ -,y m ,y m +i) eT. □ 

We now pass to the proof of Theorem 15.31 

Proof. If E contains cq the theorem is trivial. So suppose not. By the solution to 
the distortion problem by Odell and Schlumprecht [27] and passing to a subspace, 
we can suppose there are two positively separated inevitable closed subsets -Fb and 
Fi of the unit sphere of E, i.e., such that dist(i*o, -Fi) > and every block basis 
has block vectors belonging to both Fo and F% . 

Suppose that (e„) has no block sequence satisfying (1). Then for all block se- 
quences (x n ) there are further block sequences (y n ) and (z n ) with disjoint ranges 
such that [y n ] C [z n ]. We claim that there is a block sequence (/„) and a constant 
K such that for all block sequences (x n ) of (/„) there are further block sequences 
(y n ) and (y n ) with disjoint ranges such that [y n ] Qk [z n ]- If not, we can construct 
a sequence of block sequences (f„) such that (fn +1 ) is a block of (/„) and such 
that any two block sequences of (f„) with disjoint ranges are X 2 -incomparable. 
By Lemma 12 A\ we then find a block sequence (g n ) of (e n ) that is v^-equivalent 
with a block sequence of (/„ ) for every K. Find now block subspaces (y n ) and 
(z n ) of (g n ) with disjoint ranges and a K such that [y n ] C [z n ]. Then (g n ) is y/~K- 
equivalent with a block sequence of (fn) and hence we can find K 3 / 2 -comparable 
block subspaces of (f„) with disjoint ranges, contradicting our assumption. 

So suppose (/„) and K are chosen as in the claim. Then for all block sequences 
(x n ) of (f n ) we can find an infinite set B C N and a block sequence (y n ) of (x n ) 
such that [y n ]n£B i^-embeds into [y n ] n £ B - 

We claim that any block basis of (/„) has a further block basis in the following 
set of normalised block bases of (f n ): 

A = {(Un) I Vfl y 2n e F U Fx k 3°°n y 2n € F & [y2n+l]y 2n £F Qk [2/2n+l]y 2 „eF 1 }- 

To see this, suppose that (x n ) is a block sequence of (/„) and let (z n ) be a block 
sequence of (x n ) such that z^ n £ Fq and z^ n+ \ S F\. We can now find an infinite 
set B C N and a block sequence (u„) of (z3„+2) such that [Vn]nefl [ v n] n 4B- 
Let now y 2n +i = v n and notice that we can choose y 2n — Z{ € Fq for n € B and 
2/2ri = z« € ^i for n ^ -B such that j/ < j/i < y% < . . .. Then (y n ) e A. 

Choose now a sequence A = (S n ) of positive reals, 5 n < dist(fo> Fi)/?>i snch that 
if (x n ) and (j/ n ) are block bases of (e„) with ||a; n - y n \\ < S n , then (ar„) — 2 (?/«)■ 
Since A is clearly analytic, it follows by Gowers' determinacy theorem that for some 
block basis (x n ) of (/„), II has a winning strategy to play in Aa whenever I plays 
a block basis of (x n ). We now show that some block basis (v n ) of (x n ) is such that 
any subspace of [v n ] contains a sequence 2if-equivalent to a subsequence of (v n ), 
which will give us case (2). 

Pick first by Lemma [5.4l a non-empty tree T of finite block sequences of (x„) such 
that [T] C Aa and for all (ito, . . . , u m ) S T and all block sequences (z n ) there is a 
block u m+ i of [z n ) such that (uq, . . . , u m , u m +i) € T. Since T is countable, we can 
construct inductively a block sequence (v n ) of (x n ) such that for all (ito, . . . , u m ) G T 
there is some i> n with (uq, . . . , u m , u n ) G T. 
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We claim that (v n ) works. For if (z n ) is any block sequence of (v n ), we construct 
inductively a sequence (u n ) G Aa as follows. Using inductively the extension 
property of T , we can construct an infinite block sequence of (z n ) that belongs 
to [Tj. Since [T] C Aa, there is a shortest initial segment (uq, . . . , it2fc Q ) € T of 
such that d(w2fc i-Po) < ^2fe - Pick now a term U2fc +i from (v n ) such that 
(m 0) • ■ ■ ,U2k ,u 2 k +i) € T. 

Again, using the extension property of T, there is an infinite block sequence 
of (z„) such that 

(U , ■ ■ ■ ,U2fc ,U2fc + lP(^)n € [T]. 

Also, as [T] C Aa, there is a shortest initial segment 

(u , . . . ,u 2 k , "2*0+1,. • • > u 2feJ e r 

of 

(U 0) • ■ • ,U2feo,"2/c + l)^(^l 1) )n 

that properly extends (uq, . . . , W2fc , u 2fe +i) and such that d(u2k 1 , Fq) < &2k 1 ■ We 
then pick a term W2fci+i of (v n ) such that (uq, . . . , Vaki > u 2ki+i) € T". We continue 
in the same fashion. 

At infinity, we then have a block sequence (u n ) S Aa and integers fco < k\ < . . . 
such that d(u2m Fq) < c>2n h an d only if n = k t for some i and such that for every 
i, u 2 ki+i is a term of (v n ). Let now (w n ) S A be such that — u„|| < S n . Then, 
as 5 n < dist(i 7 o, F±)/3, we have that W2n €E -Fb if and only if n = fcj for some i and 
W2n € i^i otherwise. Moreover, as (w n ) E A, 

[^2fcj+l]ieN = L^n+lJu^ne-Fo —K [w27i+l]w 2n eF 1 — [W2n+l]njtki ■ 

So by the choice of 8 n we have 

[w2fci + l]ieN ^=2 [w2ki+l]ieK Eif [W2n+l]n^tki E2 [w2n+l]n^fe i - 

Since [u2n+i]n^fci is a subspace of [z„] and (^j^+i) a subsequence of (v n ) this 
finishes the proof. □ 

If for some constant C, all subspaces of [e n ] contain a C-isomorphic copy of 
a subsequence of (e n ), we say that (e n ) is sub sequentially C '-minimal. Our proof 
shows that condition (2) in Theorem 15.31 may be improved to "For some constant 
C the basic sequence (x n ) is subsequentially C- minimal". 

It is interesting to notice that if (x n ) is hereditarily subsequentially minimal, then 
there is some C and a block sequence (v n ) of (x n ) such that (v n ) is hereditarily 
subsequentially C-minimal with the obvious definition. To sec this, we first notice 
that by Proposition 15. 21 (x n ) can have no block bases (y n ) such that further block 
subspaces with disjoint ranges are incomparable. So, by the proof of Theorem [521 
for any block base (y n ) there is a constant C and a further block basis (z n ) which is 
subsequentially C-minimal. A simple diagonalisation using Lemma |2. II now shows 
that by passing to a block (v n ) the C can be made uniform. We do not know if any 
subsequentially minimal basis is necessarily subsequentially C-minimal for some 
C, nor do we know if any hereditarily subsequentially minimal basis is hereditarily 
subsequentially C-minimal for some C. Recall that Gowers also proved that a quasi 
minimal space must contain a further subspace which is C-quasi minimal [17) . 

We also indicate a variation on Theorem [531 relating the Casazza property to a 
slightly stronger form of sequential minimality. This answers the original problem 
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of Gowers left open in p~7] . This variation is probably of less interest than Theorem 
I5.3l because the Casazza property does not seem to imply tightness and also because 
the stronger form of sequential minimality may look somewhat artificial (although 
it is satisfied by Tsirelson's space and is reminiscent of Schlumprecht's notion of 
Class 1 space [36]). 

We say that two block sequences (x n ) and (y n ) alternate if either x\ < y± < 
X2 < 2/2 < • • ■ or yi < xi < y 2 < x 2 < ■ ■ ■ ■ 

Proposition 5.5. Let E be a Banach space with a basis (e n ). Then there exists 
a block sequence (x n ) with one of the following properties, which are exclusive and 
both possible: 

(1) [x n ] has the Casazza property, i.e., no alternating block sequences in [x n ] 
are equivalent. 

(2) There exists a family B of block sequences saturating [x n ] and such that 
any two block sequences in B have subsequences which alternate and are 
equivalent. 

In particular, in case (2), E contains a block subspace U = [u n ] such that for every 
block sequence of U , there is a further block sequence equivalent to, and alternating 
with, a subsequence of{u n ). 

Proof. If (e„) does not have a block sequence satisfying (1), then any block sequence 
of (e n ) has a further block sequence in A = {(y n ) | (j/2n) ~ (j/2n+i)}- Let A be small 
enough so that Aa = A. By Gowers' theorem, let (x n ) be some block sequence of 
(e n ) so that II has a winning strategy to play in Aa whenever plays a block sequence 
of (x n ). Let T be the associated tree given by Lemma 15.41 By construction, for any 
block sequence (z n ) of (x n ), we may find a further block sequence (v n ) such that 
for any (j/q, ■ • ■ , Vm) € T, there exists some v n with (ya, . . . , y m , v n ) G T. We set 
/(On)) = (v n ) and T = {f{{z n )) | (z n ) «S (x n )}. Given (v n ) and (w n ) in T, it is 
then clear that we may find subsequences (v' n ) and (w' n ) so that (v' , w' , v[, w[, . . .) € 
T, and therefore (v' n ) and (w' n ) are equivalent. □ 

To conclude we may observe that there is no apparent relation between tight- 
ness by range and tightness with constants. Indeed Tsirelson's space is tight with 
constants and sequentially minimal. Similarly, Example 14.71 will be proved to be 
tight by support and therefore by range, but is locally minimal. There also exists 
a space combining the two forms of tightness: 

Example 5.6. There exists a space with a basis which is tight with constants and 
tight by range. 

The example has a basis that is tight by support and strongly asymptotically t\ . 
It is based on techniques of 2] and will be constructed in Section [9l 

Finally, if a space X is locally minimal and equipped with a basis which is tight 
by support and therefore unconditional (such as Example 14. 7j) , then the reader 
will easily check the following. The canonical basis of X © X is tight (for a block 
subspace Y — [y n ] of X © X use the sequence of intervals associated to the ranges 
of y n with respect to the canonical 2-dimensional decomposition of X © X), but 
neither tight by range nor with constants. However, a more interesting question 
remains open: does there exist a tight space which does not contain a basic sequence 
which is tight by range or with constants? 
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6. Refining Gowers' dichotomies 

We recall the list of inevitable classes of subspaces contained in a Banach space 
given by Gowers in [17) . Remember that a space is said to be quasi minimal if 
any two subspaces have a common C-minorant, and strictly quasi minimal if it 
is quasi minimal but does not contain a minimal subspace. Two spaces are said 
to be incomparable in case neither of them embeds into the other, and totally 
incomparable if no space embeds into both of them. 

Theorem 6.1 (Gowers [17 ). Let X be an infinite dimensional Banach space. Then 
X contains a subspace Y with one of the following properties, which are all possible 
and mutually exclusive. 

(1) Y is hereditarily indecomposable, 

(2) Y has an unconditional basis such that no two disjointly supported block 
subspaces are isomorphic, 

(3) Y has an unconditional basis and is strictly quasi minimal, 

(4) Y has an unconditional basis and is minimal. 

In case (2) the condition that any two disjointly supported block subspaces are 
non-isomorphic may be replaced by the condition that any two such subspaces are 
incomparable, or even totally incomparable. It is easy to see that any space in case 
(2) is tight. Indeed if any two disjointly supported block subspaces in E = [e„] 
are totally incomparable, then in particular (e„) is tight by range. For this reason 
condition (2) is also called tightness by support. 

Theorem 11.11 improves the list of Gowers in case (3). Indeed any strictly quasi 
minimal space contains a tight subspace, but the space S(T^), 1 < p < +oo is 
strictly quasi minimal and not tight: it is saturated with subspaces of T^ p \ which 
is strictly quasi minimal, and, as was already observed, it is not tight because its 
canonical basis is symmetric. 

Concerning case (1), properties of HI spaces imply that any such space contains 
a tight subspace, but it remains open whether every HI space with a basis is tight. 
It is worth remembering that, by the study of Example 14. 6( there exists a tight HI 
space X such that no basic sequence in X is tight with constants. 

Question 6.2. Is every HI space with a basis tight? 

Combining Theorem 16.11 with Theorem 11.11 and Theorem 11.31 we refine the list 
of inevitable spaces of Gowers as follows: 

Theorem 6.3. Let X be an infinite dimensional Banach space. Then X contains 
a subspace Y with one of the following properties, which are all mutually exclusive. 

(1) Y is hereditarily indecomposable and has a basis such that no two block 
subspaces with disjoint ranges are comparable, 

(2) Y is hereditarily indecomposable and has a basis which is tight and sequen- 
tially minimal, 

(3) Y has an unconditional basis such that no two disjointly supported block 
subspaces are isomorphic, 

(4) Y has an unconditional basis such that no two block subspaces with disjoint 
ranges are comparable, and is quasi minimal, 

(5) Y has an unconditional basis which is tight and sequentially minimal, 

(6) Y has an unconditional basis and is minimal. 
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We conjecture that the space of Gowers and Maurey is of type (1), although we 
have no proof of this fact. Instead we prove that an asymptotically unconditional HI 
space constructed by Gowers |15j is of type (1). The proof requires some familiarity 
with Gowers and Maurey's techniques and is postponed until the end of article. 

We do not know whether type (2) spaces exist. If they do, they may be thought 
of as HI versions of type (5) spaces, i.e., of Tsirelson like spaces, so one might look 
for an example in the family initiated by the HI asymptotically t\ space of Argyros 
and Deliyanni, whose "ground" space is a mixed Tsirelson's space based on the 
sequence of Schreier families [T] . 

In relation with the Xld + K problem, it is not difficult to show that if X is 
a complex hereditarily indecomposable Banach space with a basis such that some 
block subspace Y embeds into a block subspace with disjoint range, then there 
exists an operator S : Y — > X which is strictly singular and non-compact. So 
candidates for solving the Xld + K problem by the positive should probably be 
looked for among type (1) spaces. 

The first example of type (3) was built by Gowers [M] and further analysed in 
[19] . We provide various other examples of such spaces in the end of this article. 

Type (4) means that for any two block subspaces Y and Z with disjoint ranges, Y 
does not embed into Z, but some further block subspace Y' of Y does (Y 7 therefore 
has disjoint support but not disjoint range from Z). It is unknown whether there 
exist spaces of type (4). Gowers sketched the proof of a weaker result, namely the 
existence of a strictly quasi minimal space with an unconditional basis and with the 
Casazza property, i.e., such that for no block sequence the sequence of odd vectors 
is equivalent to the sequence of even vectors, but his example was never actually 
checked. Alternatively, results of [H] Section 4 suggest that a mixed Tsirelson 
space example might be looked for. 

The main example of a space of type (5) is Tsirelson's space. Actually since 
spaces of type (1) to (4) are either HI or satisfy the Casazza property, they are 
never isomorphic to a proper subspace. Therefore for example spaces with a basis 
saturated with block subspaces isomorphic to their hyperplanes must contain a 
subspace of type (5) or (6). So our results may reinforce the idea that Tsirelson's 
space is the canonical example of classical space without a minimal subspace. 

It is worth noting that as a consequence of the theorem of James, spaces of type 
(3), (4) and (5) are always reflexive. 

Finally it is interesting to note that a new refinement can be made to this list 
thanks to the 5th dichotomy and to a stabilisation theorem of A. Tcaciuc [37] 
generalising a result of [13J . We shall only indicate here how this refines the cases 
of type (5) and (6) - the classical cases. A general picture of the complete list 
of inevitable spaces will be given at the end of the article after new examples of 
spaces have been analysed. It is easy to see that Tcaciuc's theorem may be stated 
as follows: any Banach space contains either a strongly asymptotically £ p subspace, 
1 ^ P ^ +oo, or a subspace Y such that 

n n 

Ve > 03nGN,VF!,...,y n C Y,3 Vl , Zl e Y 1 ,...3y n ,z n G Y n : \\J2v4 < e|E«ill> 

»=i i=i 

where y n , z n may be supposed of norm 1 in the above statement. 
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The second property in this dichotomy will be called uniform inhomogeneity. 
As strongly asymptotically £ p bases are unconditional, while the HI property is 
equivalent to uniform inhomogeneity with n = 2 for all e > 0, Tcaciuc's dichotomy 
is only relevant for spaces with an unconditional basis. We combine Tcaciuc's result 
with Proposition ^. 21 (see also [6]), the 5th dichotomy, the fact that asymptotically 
ioc spaces are locally minimal, and the classical theorem of James to obtain: 

Proposition 6.4. Any space of type (5) or (6) in Theorem \6.3\ contains a subspace 
Y with one of the following properties, which are all mutually exclusive. 

(5a) Y has a tight with constants and sequentially minimal unconditional basis, 
and is uniformly inhomogeneous, 

(5b) Y has a tight, locally and sequentially minimal unconditional basis, and is 
uniformly inhomogeneous, 

(5c) Y has a tight with constants, sequentially minimal and strongly asymptoti- 
cally l p basis, 1 ^ p < +oo. 

(5d) Y has a tight, sequentially minimal and strongly asymptotically basis, 

(6a) Y has an unconditional basis, is minimal and uniformly inhomogeneous, 

(6b) Y has a strongly asymptotically basis, is minimal, and is reflexive, 

(6c) Y is isomorphic to Cq or £ p , 1 p < +oo. 

We know of no space close to being of type (5a) or (5b) . A candidate for (5d) 
could be the dual of some partly modified mixed Tsirelson's space not satisfying 
the "blocking principle" due to Casazza, Johnson, and Tzafriri [J (see [22]). For- 
tunately, the remaining cases may be illustrated with well-known examples. The 
reader will already have identified Tsirelson's space and its convexifications as the 
canonical examples of spaces of type (5c). Schlumprecht's space S [34] does not 
contain an asymptotically £ p subspace, therefore it contains a uniformly inhomoge- 
neous subspace, which implies by minimality that S itself is of type (6a) - a direct 
proof will also be given later on. Finally, the dual of Tsirelson's space is of type 
(6b). 

The interest of Proposition 16.41 lies in the fact that it provides a first idea of 
a natural list of inevitable spaces such that the "nicest" class is, as it should be, 
the class of spaces Cq and t p . It would of course be interesting to refine Tcaciuc's 
criterium, that is to see whether uniform inhomogeneity implies some stronger 
property on some further subspace. Maybe some property related to operators, 
like Schlumprecht's definition of "Class 2" spaces [35], could be deduced from it, so 
that (6a) could be replaced by some more informative assumption. Proposition [64] 
also gives lines of research for finding new examples of "pure" Banach spaces: type 
(5a), (5b), and (5d) properties are obvious directions to follow. 

For completeness we should mention that R. Wagner has also proved a dichotomy 
between asymptotic unconditionality and a strong form of the HI property [39] . His 
result could be used to refine the cases of type (1) and (2). 

Concerning the operators living on the spaces of different types, it is known that 
if A is a complex HI space and Y is a subspace, then any operator from Y into X 
is a strictly singular perturbation of the inclusion map [7] ; similar results hold in 
the real case [8]. Also, Cowers proves in [17] a structure theorem on operators on 
spaces that are tight by support. However, his proof is not quite correct and we 
therefore take the opportunity to give a direct short proof of this result here based 
on his ideas. 
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Lemma 6.5 (Lemma 7.6 in [17j). Let E — [e n ] be a space with an unconditional 
basis such that any two disjointly supported subspaces are incomparable. Suppose 
(y n ) and (z n ) are block bases and T : y n i— > z n an isomorphism. Then there is an 
invertible diagonal operator D: E — > E such that T — D\\ yn \ and T^ 1 — D~ \\ Zn ] 
are strictly singular. 

Proof. For simplicity, let (e„) be 1-unconditional and let c, C be positive constants 
such that for all x £ Y — [y n ] we have c||a;|| ^ ^ C|MI- Define a partition 

J U K U L of N by 

meJ^Bn 2C\e* m (y n )\ < \e* m (z n )\, 

meK^3n < ^\e* m (y n )\ < \e* m {z n )\ < 2C\e* m {y n )\, 

meL-^Bn \e* n (z n )\ ^ -\e* m (y n )\. 

Now define D : E -> E by 

D(e* m (y n )e m ) = e* m (z n )e m for m G K, 

D(e m ) = e m otherwise. 

Since the basis is unconditional, D is an isomorphism. 

Now, by the definition of L and since the basis (e„) is 1-unconditional, we have 
for all x € [y n ] 

\\LTx\\^^\\Lx\\. 

Also by 1-unconditionality 

c||Lx|| < c||a;|| < \\Tx\\ ^ C\\x\\, 

whence 

2||LTa;|| < c||Lar|| < ||Tx|| < \\LTx\\ + ||(J + K)Tx\\, 

and thus 

\\LTx\\ < \\(J + K)Tx\\. 

So 

c||i|| < ||Tx|| < 2\\{J + K)Tx\\ sC 2||Tx|| < 2C\\x\\, 

and therefore the map x i— > (J + K)Tx is an isomorphism on Y . Similarly, using the 
the definition of J and 1-unconditionality, one proves that the map x i— > (K + L)a; 
is an isomorphism on Y. 

So Y is isomorphic with subspaces of E supported on respectively [e n \ n eJ+K 
and [e n ]neK+L, and therefore, as disjointly supported subspaces are totally incom- 
parable, any operator from Y into either [e n ] n gz, or from Y into [e n ] n gj is strictly 
singular. In particular, this applies to J: Y — ► J5, L: Y — > E, JT: Y — ► J5 and 
LT:Y ^ E. Now, on Y we have 

T - D = JT + KT + LT - JD - KD - LD 
= JT + KT + LT - J - KT - L 
= JT + LT - J - L, 

which is strictly singular. A similar argument applies to T^ 1 — D^ 1 . □ 
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7. Chains and strong antichains 

The results in this section are in response to a question of Gowers from his 
fundamental study [17) and concern what types of quasi orders can be realised 
as the set of (infinite-dimensional) subspaccs of a fixed Banach space under the 
relation of isomorphic embeddability. 

Problem 7.1 (Problem 7.9. in [T7]). Given a Banach space X, let P(X) be the 
set of all equivalence classes of subspaces of X , partially ordered as above. For 
which posets P does there exist a Banach space X such that every subspace Y of X 
contains a further subspace Z with P(Z) = P? 

Gowers noticed himself that by a simple diagonalisation argument any poset 
P{X) must either have a minimal clement, corresponding to a minimal space, or 
be uncountable. We shall now use our notion of tightness to show how to attack 
this problem in a uniform way and improve on several previous results. 

Definition 7.2. Suppose that X is a separable Banach space and E is an analytic 
equivalence relation on a Polish space P. We say that X has an i?-antichain, if 
there is a Borel function f: P — > SB(X) such that for x, y £ P 

(1) ifxEy, then f(x) and f(y) are biembeddable, 

(2) if x fi y, then f{x) and f(y) are incomparable. 

We say that X has a strong _B-antichain if there is a Borel function f : P — ► SB(X) 
such that for x,y £ P 

(1) if xEy, then f(x) and f(y) are isomorphic, 

(2) if x fi y, then f(x) and f(y) are incomparable. 

For example, if =r is the equivalence relation of identity on R, then =R-antichains 
and strong =R-antichains simply correspond to a perfect antichain in the usual 
sense, i.e., an uncountable Borel set of pairwise incomparable subspaces. Also, 
having a strong _B-antichain implies, in particular, that E Borel reduces to the 
isomorphism relation between the subspaces of X. 

The main result of [10] reformulated in this language states that if E-^i denotes 
the complete analytic equivalence relation, then C[0, 1] has a strong -antichain. 

We will now prove a result that simultaneously improves on two results due 
respectively to the first and the second author. In [11], the authors proved that a 
Banach space not containing a minimal space must contain a perfect set of non- 
isomorphic subspaces. This result was improved by Rosendal in [32j . in which it 
was shown that if a space does not contain a minimal subspace it must contain 
a perfect set of pairwise incomparable spaces. And Ferenczi proved in [9] that if 
A is a separable space without minimal subspaces, then Eq Borel reduces to the 
isomorphism relation between the subspaces of A . Recall that Eq is the equivalence 
relation defined on 2 N by xE$y if and only if 3m Vn ^ m x n — y n . 

Theorem 7.3. Let X be a separable Banach space. Then X either contains a 
minimal subspace or has a strong Eq- antichain. 

Proof. Suppose A has no minimal subspace. By Theorem 13.131 and Lemma 13.111 
we can find a basic sequence (e„) in A and a continuous function /: [N] — > [N] 
such that for all A,B £ [N], if B is disjoint from an infinite number of intervals 
[f(A)2i, f(A)2i+i], then [e n ]„ e A does not embed into [e„]„ 6 s. We claim that there 
is a continuous function h : 2 N — > [N] such that 
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(1) if xE y, then \h(x) \ h(y)\ = \h(y) \ h(x)\ < oo, 

(2) if x Bo y, then [e n ] n eh(x) and [e n ] n eh(y) are incomparable spaces. 

This will clearly finish the proof using the fact that subspaces of the same finite 
codimension in a common superspace are isomorphic. 
We will construct a partition of N into intervals 

7° < I] < 1% < 7° <l\ <lf < ... 

such that if we set J" = 7° U 1% and J\ — l\ , the following conditions hold: 

(1) for all n, |J°| = \J*\, 

(2) if s £ 2", a = J So U Jf U . . . U J'^i 1 U 7°, and A e [a, N], then for some z, 

[/(%,/(4)2i + i]C^, 

(3) if s £ 2™, a = J S ° U U . . . U J^ 1 U l\ , and A £ [a, N], then for some i, 

[f(A) 2i ,f(A) 2i+1 ]Cll 

Assuming this is done, for x £ 2 N we set h(x) = Jq° U Jf 1 U . . .. Then for all n 
there is an i such that 

[f(h(x)) 2l ,f(h(x)) 2l+1 ]£J^. 

Therefore, if x Bo y, then = Jg°U J-j^U. . . is disjoint from an infinite number 
of J^" and thus also from an infinite number of intervals [f(h(x)) 2 i, f(h(x)) 2 i + i], 
whence [e n ] n eh(x) docs not embed into [e n ] n eh(y)- Similarly, [e n ] n eh(y) does not 
embed into [e n ] neh ( x y 

On the other hand, if xE y, then clearly \h(x) \ h(y)\ = \h(y) \ h(x)\ < oo. 

It therefore only remains to construct the intervals I % n . So suppose by induction 
that 7§ < Iq < Iq < . . . < 7°_j < 7^_j < 7^_ x have been chosen (the initial 
step being n = 0) such that the conditions are satisfied. Let m = maxJ^_j + 1 = 
max 7^_ x + 1. For each s e 2 n and a = Jq° U J^ 1 U . . . U J*"^ 1 , there are by continuity 
of / some k s > m, some interval m < M s ^ fc s and an integer i s such that for all 
Ae [aU [to, k s ] , N] , we have 

[/(A) 2i .,/(^) 2i . +1 ]=M a . 

Let now A: = max s6 2» k s and 7° = [to, k] . Then if s £ 2™ and a = Jq° U . . . U J*""! 1 , 
we have for all A £ [a U 7°, N] some i such that 

[/(A) 2j ,/(A) 2j+1 ]C# 

Again for each s £ 2™ and a = Jq° U J-f 1 U . . . U J^"^ 1 there are by continuity of 
/ some l s > k + 1, some interval fc + 1 ^ 7_/ s < Z s and an integer j s such that for all 
Ae [aU [k + 1, Z a ], N] , we have 

[/(A) 2js ,/(A) 2j - +1 ]=i 5 . 

Let now Z = max se2 ™ i s + A; and 7* = [k + 1,1}. Then if s £ 2 n and a = JJ U . . . U 
Jn-i i we have for all Ae [aU/^M] some j such that 

[/(A) 2j ,/(A) 23+1 ]c/i 

Finally, we simply let 7^ = [1 + 1,1+ |7*| — |7°|]. This finishes the construction. □ 
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Definition 7.4. We define a quasi order C* and a partial order C on the space 
[N] of infinite subsets of N by the following conditions: 

AC* B <S> A\B is finite 

and 

A C B <=> [A = B or 3n e B\ A: A C B U [0,n[V 

^Mso, i/ (a n ) and (6 n ) are infinite sequences of integers, we let 

(a n ) (M ^ V°°n a„ < b n . 

We notice that C is a partial order refining the quasi order C*, namely, whenever 
A C* B we let A C B if B %* A or A = B or AAi? admits a greatest element 
which belongs to B. 

Proposition 7.5. (1) Any closed partial order on a Polish space Borel embeds 
into C . 

(2) Any partial order on a set of size at most Hi embeds into C . 

(3) The quasi order C* embeds into C 0j but does not Borel embed. 

(4) And finally C Borel embeds into C*. 

Proof. (1) By an unpublished result of A. Louveau 25 , any closed partial order on 
a Polish space Borel embeds into ('P(N), C). And if we let ( J n ) be a partition of N 
into countable many infinite subsets, we see that (^(N^C) Borel embeds into C* 
and C by the mapping A^\J neA J n . 

(2) & (3) It is well-known that any partial order of size at most Hi embeds into 
C* and if we let s : [N] — > [N] be any function such that |AAS| < oo s(A) = s(B) 
and |j4As(A)| < oo, i.e., s is a selector for Eq, then s embeds C* into C . To see that 
there cannot be a Borel embedding of C* into C , we notice that if h: [N] — > [N] 
was a Borel function such that A C* B h(A) C h(B), then, in particular, 
|j4A£?| is finite h(A) — h(B), contradicting that Eq is a non-smooth equivalence 
relation on [N] . 

(4) To see that C Borel embeds into C*, we define for an infinite subset A of N 
a sequence of integers g(A) = (a n ) by 

a n = 2 

ieAn[0,n] 

Suppose now that g{A) = (a n ) and g(B) — (b n ). Then for each n, 
a n = b n oin[0,n] = Bfl [0, n] 

and 

a„ <b n 4^ 3m e B\A, m < n, A n [0, n] C B U [0, m[. 

Thus, we have a n — 6 n for infinitely many n if and only if A — _B, and if a n < 6 n 
for infinitely many n, then either B \ A is infinite or for some m G B \ A we have 
A C i? U [0, m[. Moreover, if i? \ A is infinite, then for infinitely many n, a„ < b n . 
So 

BfA^ (&„) 5C (a„) ^(BfA or K B), 
and thus by contraposition 

(b n ) ^ (a„) ^BC'A 
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Also, if (b n ) ^* (a n ), then B %* A or A C B, so if moreover B C A, we would 
have A C B and hence A = B, contradicting g(B) — (b n ) ^* (a n ) — g{A). Thus, 

B C A (6„) C (a n ). 

To see that also 

notice that if (b n ) ^* (a„) but B %q A, then, as B C* A, we must have A C B 
and hence (a„) ^* (6„). But then a„ = b n for almost all n and thus A = B, 
contradicting B %q A. Therefore, 

B C A o (6 n ) <* (a„), 

and we thus have a Borel embedding of C into the quasi order on the space 
N N . It is well-known and easy to see that this latter Borel embeds into C* and 
hence so does C . □ 

Proposition 7.6. Any Banach space without a minimal subspace contains a sub- 
space with an F.D.D. (F n ) satisfying one of the two following properties: 

(a) if A, B C N are infinite, then 

(b) if A, B Q N are infinite, then 

J2 F *^Y1 Fn ^ a ^b. 

neA n£B 

Proof. Suppose X is a Banach space without a minimal subspace. Then by The- 
orem [3T3l we can find a continuously tight basic sequence (e„) in X. Using the 
infinite-dimensional Ramsey Theorem for analytic sets, we can also find an infinite 
set D C N such that 

(i) either for all infinite B C D, [e^gB embeds into its hyperplanes, 

(ii) or for all B C D, [e,-]j £ B is not isomorphic to a proper subspace. 

And, by Lemma \3. Ill we can after renumbering the sequence (e n )„ e £> as (e n ) nE N 
suppose that there is a continuous function / : [N] — * [N] that for A, B £ [N], if B is 
disjoint from an infinite number of intervals [f(A)zi, f(A)2i+i], then [e n ] ng A does 
not embed into [e„] ne s. 

We now construct a partition of N into intervals 

I < h < h < ■ ■ ■ 
such that the following conditions hold: 

- for all n, \I U . .. U Z n _i| < |7„|, 

- if A € [N] and /„ C A, then for some i, 

[f(A) 2l J(A) 2l+1 ]ci n . 

Suppose by induction that Iq < I± < . . . < J n _i have been chosen such that the 
conditions are satisfied. Let m = max/ n _i + 1. For each a C [0, m[ there are by 
continuity of / some l a > m, some interval m ^ M a ?C l a and an integer i a such 
that for all A £ [a U [to, l a ] , N] , we have 

[f(A) 2ia ,f(A) 2ia+1 ]=M a . 
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Let now I > max Q c[o,m[ la be such that |/o U . . . U I n -i | < l — m, and set I n = [m, l[. 
Then if a C [0, m[, we have for all A £ [a U I n , N] some i such that 

[/(A) 2i ,/(4) 2i+1 ]C/ n) 

which ends the construction. 

Let now F n = [ei]i£i n . Clearly, Y^=o dimFj < dimF n , and if A\B is infinite and 
we let A' = UneA an d = Unes -^™> then B' will be disjoint from an infinite 
number of the intervals defined by f(A') and hence YlneA^n = KlneA' does not 
embed into J2 n eB F n = [e n ]neB' ■ 

In case of (i) we have that for all infinite CCN, 

(e„) n gC E (e„) n gC" E (eTi)nGC" E (e n )n£C'" E • ■ ■ ) 

where D' denotes D \ min_D. So, in particular, for any infinite A C N, EneA F n 
embeds into all of its finite codimensional subspaces and thus if A\B is finite, then 
E„ s a F n E E„ e s F n- This gives us (a). 

In case (ii), if A C B but B A, we have, as dimF„ > ^2^=0 dimi 7 \ , that 
EneA-^n embeds as a proper subspace of ^Z n£B F n . Conversely, if J2 n t£A F ™ E 
J2neB tnen ^4 \ -B is finite and so either A C £? or B C A. But if i? C A 
and A <2o -B) then J2neB embeds as a proper subspace into Y^neA and thus 
also into itself, contradicting (ii). Thus, A C B. So assuming (ii) we have the 
equivalence in (b). □ 

We may observe that Tsirelson's space satisfies case (a) of Proposition [713 while 
case (b) is verified by Gowers-Maurey's space, or more generally by any space of 
type (1) to (4). 

By Proposition [T3] and Proposition 17. 61 we now have the following result. 

Theorem 7.7. Let X be an infinite- dimensional separable Banach space with- 
out a minimal subspace and let S'i? co (A") be the standard Borel space of infinite- 
dimensional subspaces of X ordered by the relation C of isomorphic embeddability. 
Then C Borel embeds into SB oa (X) and by consequence 

(a) any partial order of size at most Hi embeds into SB oc (X), 

(b) any closed partial order on a Polish space Borel embeds into SB^IX). 

We notice that this proves a strong dichotomy for the partial orders of Problem 
17.11 namely, either they must be of size 1 or must contain any partial order of size at 
most Hi and any closed partial order on a Polish space. In particular, in the second 
case we have well-ordered chains of length lo\ and also K-chains. This completes 
the picture of [12] . 

8. Tight spaces of the type of Cowers and Maurey 

In this section we prove that the dual of the type (3) space G u constructed by 
Gowers in [2] is locally minimal of type (3), that Cowers' hereditarily indecompos- 
able and asymptotically unconditional space G defined in [TS] is of type (1), and 
that its dual G* is locally minimal of type (1). Theses spaces are natural variation 
on Gowers and Maurey's space GM, and so familiarity with that construction will 
be assumed: we shall not redefine the now classical notation relative to GM, such 
as R.I.S. sequences, special functionals, the sets Q, K, L, etc., instead we shall try 
to give details on the parts in which G u or G differ from GM. 
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The idea of the proofs is similar to [14] . The HI property for Gowers-Maurey's 
spaces is obtained as follows. Some vector x is constructed such that ||x|| is large, 
but so that if x' is obtained from x by changing signs of the components of x, then 
x*{x') is small for any norming functional x* , and so ||x'|| is small. The upper bound 
for x*(x') is obtained by a combination of unconditional estimates (not depending 
on the signs) and of conditional estimates (i.e., based on the fact that | Yj?=i e «l ^ s 
much smaller than n if e% = (— l) 1 for all i). 

For our examples we shall need to prove that some operator T is unbounded. 
Thus we shall construct a vector x such that say Tx has large norm, and such that 
x*(x) is small for any norming x*. The upper bound for x*(x) will be obtained by 
the same unconditional estimates as in the HI case, while conditional estimates will 
be trivial due to the disjointness of the supports of the corresponding component 
vectors and functionals. The method will be similar for the dual spaces. 

Recall that if X is a space with a bimonotone basis, an £™ + -average with constant 
1+e is a normalised vector of the form X)T=i Xi ' wriere xi < • • • < x„ and ||xj|| ^ 
for all i. An ^,-average with constant 1 + e is a normalised vector of the form 
S™=i x i> wri ere x\ < ■ ■ ■ < x n and ||xj|| j-j^r for all i. Recall that the function / 
is defined by f(n) = log 2 (n + 1). The space X is said to satisfy a lower /-estimate 
if for any xi < • • • < x„, 

n n 

Lemma 8.1. Let X be a reflexive space with a bimonotone basis and satisfying a 
lower f -estimate. Let (y%.) be a normalised block sequence of X* , n G N, e, a > 
0. Then there exists a constant N(n,e), successive subsets Fi of [1, N(n,e)], and 
vectors x* of the form A^ fceF . y^, such that x* = Yn=i x i * s an ^oo+~ avera 9 e 
with constant 1 + e. Furthermore, if for each i, Xi is such that range Xj C range x* 
and x*(xj) ^ a||x*|j, then x = Y^i=i Xi * s an ^i+-vector with constant i±£ such 
that x*(x) ^ y^||x||. 

Proof. Since X satisfies a lower /-estimate, it follows by duality that any sequence 
of successive functionals x* < • • • < x* in G* satisfies the following upper estimate: 

n 

1 < |£>*|K /(n) max||x*||. 

1=1 

Let N = n k where k is such that (1+e) > f(n k ). Assume towards a contradiction 
that the result is false for N(n, e) = N, then 

y* = (v* + ■ ■ ■ + y^-i) + ... + (y*„_i)„fc-i +1 + • •• + y* nk ) 

is not an fj^-vector with constant 1 + e, and therefore, for some i, 

\\yin k - i +i + • • • + y* l+ i) n k-i || < ^ — -||y*||- 

Applying the same reasoning to the above sum instead of y* , we obtain, for some 
3, 

\\y*jn k - 2 + l + • • ■ + V(J+l)n k - 2 II ^ Q + e) 2 
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By induction we obtain that 
a contradiction. 

Let therefore x* be such an -average with constant 1 + e of the form £\ x %- 
Let for each i, Xi be normalised such that range(xi) C range(x*) and x*(xi) 
a\\x*\\. Then 



and in particular for each i, 



^\\T.xi\ 



□ 



The following lemma is fundamental and therefore worth stating explicitly. It 
appears for example as Lemma 4 in [15j . Recall that an (M, g)-form is a functional 
of the form g(M)~ 1 (x\ + . . . + x* M ), with £*<•••< x* M of norm at most 1. 

Lemma 8.2 (Lemma 4 in |15j). Let f,g € T with g ^ \fj , let X be a space with 
a bimonotone basis satisfy a lower f -estimate, let e > 0, let x\, . . . , arjy be a R.I.S. 
in X for f with constant 1 + e and let x = X^ili x i- Suppose that 

\\Ex\\ < sup{\x*(Ex)\ : M ^ 2, x* is an (M,g)-formj 

for every interval E such that \\Ex\\ > 1/3. Then \\x\\ ^ (1 + e + e')Ng(N) . 

8.1. A locally minimal space tight by support. Let G u be the space defined 
in [14]. This space has a suppression unconditional basis, is tight by support and 
therefore reflexive, and its norm is given by the following implicit equation, for all 
x € c 00 : 

n 

\\x\\ = \\x\\ C0 V supj/H- 1 j2\\E iX \\ | 2 < n,E 1 < .. . < E n } 

i=l 

V sup||x*(x)| k S K,x* special of length fc| 

where E\, , . . ,E n are successive subsets (not necessarily intervals) of N. 

Proposition 8.3. The dual G* of G u is tight by support and locally minimal. 

Proof. Given n £ N and e = 1/10 we may by Lemma [8.11 find some N such that 
there exists in the span of any x\ < . . . < x* N an i^-average with constant 1+e. By 
unconditionality we deduce that any block-subspace of G* contains 's uniformly, 
and therefore G* is locally minimal. 

Assume now towards a contradiction that (x* ) and (y*) are disjointly supported 
and equivalent block sequences in G* , and let T : [x* n ] — > [y*] be defined by Tx* n = 

Vn- 

We may assume that each is an ^ + -average with constant 1 + e. Using Hahn- 
Banach theorem, the 1-unconditionality of the basis, and Lemma 18. 11 we may also 
find for each n an ^™ + -average x n with constant 1 + e such that supp x n C supp x* n 
and x* n {xn) ^ 1/2. By construction, for each n, Tx* n is disjointly supported from 
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[xk], and up to modifying T, we may assume that Tx* n is in Q and of norm at most 
1 for each n. 

If z\, . . . , z m is a R.I.S. of these ^™ + -averages x n with constant 1 + e, with to S 
[log N, exp N], N £ L, and z* , . . . , zj^ are the functionals associated to z±, . . . , z m , 
then by [14] Lemma 7, the (to, /)-form z* = /(m)^ 1 (z* + . . . + z* n ) satisfies 

TYl 1 

z*(zi + ... + Zm) > TTFr — \ ^ 7ll z i + • • • + z m\\i 
2/(to) 4 

and furthermore Tz* is also an (to, /)-form. Therefore we may build R.I.S. vectors 
z with constant 1 + e of arbitrary length to in [log N, exp N] , N £ L, so that 2 
is 4 -1 -normed by an (to, /)-form z* such that Tz* is also an (to, /)-form. Wc 
may then consider a sequence Z\, . . . , Zk of length k £ K of such R.I.S. vectors 
of length TOi, and some corresponding [nn, /)-forms zj*, . . . , z\ (i.e z* 4 _1 -norms 
Zi and Tz* is also an (TOi,/)-form for all i), such that Tz*, . . . ,Tzt is a special 
sequence. Then we let z = Z\ + • • ■ + z k and z* = /(fc) _1 / 2 (zj' + . . . + Since 
Tz* = /(fc) _1 / 2 (Tz* + . . . + Tz;!) is a special function it follows that 

||T*1<1. 

Our aim is now to show that \\z\\ ^ 3fc/(fc) _1 . It will then follow that 

\\z*\\^z*(z)/\\z\\^f(k)^/l2. 

Since k was arbitrary in K this will imply that T _1 is unbounded and provide the 
desired contradiction. 

The proof is now almost exactly the same as in [T3] . Let Kg — K\{k} and let g be 
the corresponding function given by [14j Lemma 6. To prove that ||z|| 3/c/(/c) _1 
it is enough by [14] Lemma 8 and Lemma [8?2l to prove that for any interval E such 
that \\Ez\\ > 1/3, Ez is normed by some (M, g)-form with M > 2. 

By the discussion in the proof of the main theorem in [14], the only possible 
norming functionals apart from (M, g)-forms are special functionals of length k. So 
let w* = /(/c)~ 1 / 2 (w* + • • • + u>k) be a special functional of length k, and E be an 
interval such that \\Ez\\ ^ 1/3. We need to show that w* does not norm Ez. 

Let t be minimal such that u>* ^ Tzf. If i j or i = j > t then by definition 
of special sequences there exist M ^ N £ L, min(M, N) ^ j2k, such that w* is an 
(M, /)-form and Zj is an R.I.S. vector of size N and constant 1+e. By [14] Lemma 8, 
Zj is an l^jj -average with constant 2. If M < N then 2M < log log log N so, by 
[TU Corollary 3, K*(Tzj)| < 6/(M)- x . If M > N then logloglogM > 2N so, by 
[14] Lemma 4, \w*(Ezj)\ ^ 2f(N)/N. In both cases it follows that \w*(Ezj)\ ^ k~ 2 . 

If i = j = t we have [wK-Ezj)! < 1. Finally if i = j < t then w* = Tz*. Since 
Tz* is disjointly supported from [xk\ and therefore from Zj, it follows simply that 
w*(Ezj) = in that case. 

Summing up we have obtained that 

\w*(Ez)\ < f{ky 1/2 {k 2 .k~ 2 + 1) = 2f(k)- 1/2 < 1/3 
Therefore u>* does not norm Ez and this finishes the proof. □ 

It may be observed that G* is uniformly inhomogeneous. We state this in a 
general form which implies the result for G M , S and S* as well. 

Proposition 8.4. Let f £ T and let X be a space with a bimonotone basis 
satisfying a lower f -estimate. Let eq = 1/10, and assume that for every n £ 



BANACH SPACES WITHOUT MINIMAL SUBSPACES 



43 



[log N, exp N] , N £ L, xi,...,x n a R.I.S. in X with constant 1 + eo and x = 

\\Ex\\ sup||a;*(£;a;)| : M > 2,x* is an (MJ)-formj 

for every interval E such that \\Ex\\ > 1/3. Then X and X* are uniformly inho- 
mogeneous. 

Proof. Given e > 0, let to £ L be such that f(m) ^ 16c" 1 . Let Yi,...,Y m be 
arbitrary block subspaces of X. By the classical method for spaces with a lower / 
estimate, we may find a R.I.S. sequence y\ < ■ ■ ■ < y m with constant 1 + eo with 
Hi € Yi,Vi. By Lemma [iOl 



lE^II <2m/(m)- 1 . 

i=l 

Let on the other hand n £ [to 10 , exp to] and E\ < ■ ■ ■ < E m be sets such that 
U^Li — {1, . . . ,n} and |£j | is within 1 of ^ for all j. We may construct a R.I.S. 
sequence xi, . . . , x n with constant 1 + eo such that xi € Yj whenever i G i&j. By 
Lemma 18.21 

|| V < (1 + 2e )(- + l)/(- - I)" 1 < 2n/(n)- 1 TO- 1 . 

■* — ' TO TO 

Let = EiGBj X iW" 1 Y.idE, X i- Tnen Z J G *J for a11 J and 

m rn 

nX>n > /w 1 E (ii E ^ir 1 E imi) > m /2. 

j=l j = l ieEj i&Ej 

Therefore 

m mm 

lE^iK^r'iE^H^E^n- 

i—1 i—1 i—1 

The proof concerning the dual is quite similar and uses the same notation. Let 
Yi„, . . . , Y m * be arbitrary block subspaces of X* . By Lemma 18.11 we may find a 
R.I.S. sequence yi < ■ • ■ < y m with constant 1 + eo and functionals y* £ such 
that range y* C range and 2/*(?/i) > 1/2 for all i. Since i 2/* 1 1 ^ 2to/(to)~ 1 , 

it follows that 

m mm 

iiE^n > nE^ir'E^^) > /m/ 4 - 

i—1 i—1 i—1 

On the other hand we may construct a R.I.S. sequence x%,. . .,x n with constant 
1 + eo and functionals x* such that range x* C range Xi, x*(xi) 1/2 for all i, and 
such that a;* £ Yj* whenever i £ Ej. Since HX^ieB x i\\ ^ 2nf(n)~ 1 m~ 1 , it follows 
that 

iEEj 

Let *; = ||Ei e ^ <■ Then z* e Y^ for all j and 

m . 
j=l ■> V ^ 
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Therefore 

m mm 

lE^IKie/M^II^^IKell^y*!!. 

2 — 1 Z— 1 Z— 1 

□ 

Corollary 8.5. The spaces S, S* , G u , and G* are uniformly inhomogeneous. 



8.2. Two HI spaces tight by range. We show that Gowers' space G constructed 
in [TS] and its dual are of type (1). The proof is a refinement of the proof that G u or 
G* is of type (3), in which we observe that the hypothesis of unconditionality may 
be replaced by asymptotic unconditionality. The idea is to produce constituent 
parts of vectors or functionals in Gowers' construction with sufficient control on 
their supports (and not just on their ranges, as would be enough to obtain the HI 
property for example). 

The space G has a norm defined by induction as in GM, with the addition of 
a new term which guarantees that its basis (e„) is 2-asymptotically unconditional, 
that is for any sequence of normalised vectors N < xi < ... < xjv, any sequence of 
scalars oi, . . . , a at and any sequence of signs ei, . . . , ejv, 

N N 



\ e n a„x n \\ < 2|| y 



| / ^ , ~-n^n tAj n \ \ \ \ / ' 

n— 1 



The basis is bimonotone and, although this is not stated in [15] . it may be proved 
as for GM that G is reflexive. It follows that the dual basis of (e n ) is also 2- 
asymptotically unconditional. For the definition, the norm on G is given by the 
implicit equation, for all x £ Coo- 

n 

\\x\\ = Halle V supj/H- 1 Y^W E i x \\ | 2<n,£ 1 < ... < E n } 

i=l 

sup| \x* {Ex) | k e K,x* special of length k, E C n| 
sup|||5x|| S is an admissible operator|, 



V 

V 



where E, Ei, . . . ,E n are intervals of integers, and S is an admissible operator 
if Sx = | 53n=i e nE n x for some sequence of signs ei, . . . , ejv and some sequence 
Ei, ... 7 En of intervals which is admissible, i.e. N < E\ and l + maxE"; = min^+i 
for every i < N. 

R.I.S. pairs and special pairs are considered in [15) ; first we shall need a more 
general definition of these. Let x\, . . . ,x m be a R.I.S. with constant G, m £ 
[log AT, exp AT] , N £ L, and let x\ i ... i %$ n be successive normalised functionals. 
Then we call generalised R.I.S. pair with constant C the pair [x, x*) defined by 

x = IIE^i^ir^E™!^) and x * = /M _1 E£i<- 

Let Zi, . . . , Zk be a sequence of successive normalised R.I.S. vectors with constant 
G, and let z*, ■ ■ ■ , zj* be a special sequence such that (zj, z*) is an R.I.S. pair for 
each i. Then we shall call generalised special pair with constant C the pair (z,z*) 

defined by z = £*=i * and z* = /(fc)" 1/2 (Eti <)■ The P air (INI -1 *. z *) wiU be 
called normalised generalised special pair. 
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Lemma 8.6. Let (z, z*) be a generalised special pair of length k G K with constant 
2 in G such that supp z* fl supp z = 0. Then 

,, 5/c 

IN ^ 



/(*)" 

Proof. The proof follows classically the methods of [TB] or [T3]. Let K = K \{k} 
and let g be the corresponding function given by |15j Lemma 5. To prove that 
||z| ^ 5fc/(fc) _1 it is enough by Lemma \8. 21 to prove that for any interval E such 
that ||-Ez|| ^ 1/3, Ez is normed by some (M, g)-form with M ^ 2. 

By the discussion in 15J after the definition of the norm, the only possible 
norming functionals apart from (M, <?)-forms are of the form Sw* where w* is a 
special functional of length k and S is an "acceptable" operator. We shall not state 
the definition of an acceptable operator S, we shall just need to know that since 
such an operator is diagonal of norm at most 1, it preserves support and (M,g)- 
forms, [H] Lemma 6. So let w* = f{k)^ 1 / 2 {w{ + ■ ■ ■ + w^) be a special functional of 
length k, S be an acceptable operator, and E be an interval such that \\Ez\\ ^ 1/3. 
We need to show that Sw* does not norm Ez. 

Let t be minimal such that w% ^ z*. If i ^ j or i = j > t then by definition 
of special sequences there exist M ^ N E L, min(M,N) ^ j2fe, such that w* and 
therefore Sw* is an (M, /)-form and Zj is an R.I.S. vector of size N and constant 
2. By [JS] Lemma 8, Zj is an ifj °-average with constant 4. If M < N then 
2M < log log log TV so, by [J5] Lemma 2, \Sw*{E Zj )\ < 12/(M)~ 1 . If M > N then 
log log log Af > 27V so, by [J5] Lemma 3, \Sw*(Ezj)\ ^ 3f(N)/N. In both cases it 
follows that \Sw*(Ezj)\ ^ k~ 2 . 

If i = j = t we simply have \Sw*(Ezj)\ ^ 1. Finally if i = j < t then w* — z*. 
and since supp Sz* C supp z* and supp Ezi C supp Zi, it follows that Sw*{Ez,j) = 
in that case. 

Summing up we have obtained that 

\Sw*{Ez)\ s: f(ky^ 2 (k 2 .k- 2 + 1) = 2/(fc)- 1 / 2 < 1/3 ^ 
Therefore Sw* does not norm Ez and this finishes the proof. □ 

The next lemma is expressed in a version which may seem technical but this will 
make the proof that G is of type (1) more pleasant to read. At a first reading, the 
reader may simply assume that T = Id in its hypothesis. 

Lemma 8.7. Let (xi) be a normalised block basis in G and T : [xi] — + G be an 
isomorphism such that (Txi) is also a normalised block basis. Then for any n£N 
and e > 0, there exist a finite interval F and a multiple x of ^2 ieF Xi such that 
Tx is an £™ + -average with constant 1 + e, and a normalised functional x* such that 
x*(x) > 1/2 and supp x* C lJ igF range Xi. 

Proof. The proof from [15] that the block basis (Txi) contains an £™ + -average with 
constant 1 + e is the same as for GM, and gives that such a vector exists of the 
form Tx = A^- ei? Txi with |F| ^ n k , where k = min{i | f(n l ) < (1 + e) 1 }. We 
may therefore assume that 2\F\ — 1 < supp x. Let y* be a unit functional which 
norms x and such that range y* C range x. Let x* = Ey* where E is the union 
of the |F| intervals range Xi,i G F. Then x*(x) — y*{x) — 1 and by unconditional 
asymptoticity of G*, < %\\y*\\ < 2. □ 
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The proof that G is HI requires defining "extra-special sequences" after having 
defined special sequences in the usual GM way. However, to prove that G is tight 
by range, we shall not need to enter that level of complexity and shall just use 
special sequences. 

Proposition 8.8. The space G is of type (1). 

Proof. Assume some normalised block-sequence (x n ) is such that [x n ] embeds into 
Y = [ei,i £ U n range x n ] and look for a contradiction. Passing to a subsequence 
and by reflexivity we may assume that there is some isomorphism T : [x n ] — > Y 
satisfying the hypothesis of Lemma \8.7[ that is, (Tx n ) is a normalised block basis 
in Y. Fixing e = 1/10 we may construct by Lemma 18.71 some block-sequence of 
vectors in [x n ] which are 1/2-normed by functionals in Q of support included in 
(J n range x n , and whose images by T form a sequence of increasing length £™ + - 
averages with constant 1 + e. If Tz\, . . . ,Tz m is a R.I.S. of these ^™ + -averages 
with constant 1 + e, with m £ [log N, exp N] , N € L, and 2*,...,2r^ are the 
functionals associated to Z\, . . . ,z m , then by [15] Lemma 7, the (m, /)-form z* = 
f(m)^ 1 (zf + . . . + z* n ) satisfies 

z*{ Zl + ... + z m ) ^ > -\\T Zl + ...+Tz m \\ > (4||T- 1 ||)- 1 ||z 1 + --- + z m ||. 

Therefore we may build R.I.S. vectors Tz with constant 1 + e of arbitrary length 
m in [log N, exp N] , N £ L, so that z is (4||T _1 ||) _1 -normed by an (m, /)-form z* 
of support included in \J n range x n . Therefore (Tz, z*) is a generalised R.I.S. pair. 
We then consider a sequence Tz\, . . . ,Tzk of length k £ K of such R.I.S. vectors, 
some special sequence of corresponding functionals z*, ■ ■ ■ , z£, and finally the pair 
(z, z*) where z = Z\ + ■ ■ ■ + z k and z* — f(k)^ 1 / 2 (zl + . . . + z^): observe that the 
support of z* is still included in (J Tl range x n . Since (Tz, z*) is a generalised special 
pair, it follows from Lemma that 

\\Tz\\^5kf(k)- 1 . 

On the other hand, 

||z|| > z*(z) 2 (M\T- 1 \\y 1 kf(k)- 1 / 2 . 

Since k was arbitrary in K this implies that T _1 is unbounded and provides the 
desired contradiction. □ 

As we shall now prove, the dual G* of G is of type (1) as well, but also locally 
minimal. 

Lemma 8.9. Let (x*) be a normalised block basis in G* . Then for any n £ N and 
e > 0, there exists N(n,e), a finite interval F C [l,iV(n, e)] and a multiple x* of 
^2ieF x i w hich is an P^ Q+ -average with constant 1 + e and an £i + -average x with 
constant 2 such that x*(x) > 1/2 and supp x C lJ igF range x* . 

Proof. We may assume that e < 1/6. By Lemma 18.11 we may find for each i ^ n 
an interval Fi, with |_Fj| ^ 2mini 7 i, and a vector y* of the form ^^ kGF . x* k , such 
that y* — X^r=i Vi ^ s an ^S3+" avera S e with constant 1 -I- e. Let, for each i, Xi be 
normalised such that y*(xi) = \\y*\\ and range Xi C range y* . Let = EiXi, where 
Ei denotes the canonical projection on [e n , n £ IJfceF ran g e X V\- * ne asymptotic 
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unconditionality of (e n ), we have that \\yi\\ ^ 3/2. Let y\ = then 

By Lemma 18.11 the vector x — J^i Vi i s an ^"+-average with constant less than 2, 
such that x*(x) > ||x||/2, and clearly supp x C \J ieF range x*. □ 

Proposition 8.10. The space G* is locally minimal and tight by range. 

Proof. By Lemma 18.91 we may find in any finite block subspace of length N{n,e) 
and supported after N(n, e) an ^ + -average with constant 1 + e. By asymptotic 
unconditionality we deduce that uniformly, any block-subspace of G* contains i^s, 
and therefore G* is locally minimal. 

We prove that G* is tight by range. Assume towards a contradiction that 
some normalised block-sequence (x*) is such that [x*] embeds into Y — [e*,i ^ 
U n range x* ] and look for a contradiction. If T is the associated isomorphism, we 
may by passing to a subsequence and perturbating T assume that Tx* is successive. 

Let e = 1/10. By Lemma 1531 we find in [x£] and for each n, an ^ + -average y* n 
with constant 1 + e and an £™ + -average y n with constant 2, such that y^(y n ) ^1/2 
and supp y n C (J fe range x* k . By construction, for each n, Ty^ is disjointly supported 
from [x^], and up to modifying T, we may assume that Ty* is in Q and of norm 
at most 1 for each n. 

If Zi,...,z m is a R.I.S. of these -averages y n with constant 2, with m € 
[log TV, exp N], N e L, and z*, . . . , zj^ are the ^ + -averages associated to zi, ■ . ■ , z m , 
then by [14] Lemma 7, the (m, /)-form z* = f(m)^ 1 (z* + . . . + z* n ) satisfies 

777 I 

«*(zi + . .. + Z m ) ^ — r > -||zi + . . . + Zm||) 

2/(m) 6 

and furthermore Tz* is also an (m, /)-form. Therefore we may build R.I.S. vectors 
z with constant 2 of arbitrary length m in [log AT, exp iV] , N E L, so that z is 6 _1 - 
normed by an (m, /)-form z* such that Tz* is also an (m, /)-form. We may then 
consider a sequence zi, . . . , zu of length k G if of such R.I.S. vectors of length m„ 
and some corresponding functionals z*, . . . , zj! (i.e., z* 6 _1 -norms Zj and Tz* is also 
an {m,i, /)-form for all i), such that Tz*, . . . , Tz*. is a special sequence. Then we let 

z = z 1 -\ h z fc and z* = j(k)^ 1 / 2 {zl + . . . + z£), so that (z, Tz*) is a generalised 

special pair. Since Tz* — f(k)~ 1 / 2 {Tzl + . . . + Tz k ) is a special function it follows 
that 

\\Tz*\\ ^ 1. 

But it follows from Lemma T8. 61 that ||z|| ^ 5kf(k)~ 1 . Therefore 

||**|| >z*{z)/\\z\\ >/(fc)Va/30. 

Since fc was arbitrary in if this implies that T _1 is unbounded and provides the 
desired contradiction. □ 

It remains to check that G* is HI. The proof is very similar to the one in [15] 
that G is HI, and we shall therefore not give all details. There are two main 
differences between the two proofs. In [15j some special vectors and functionals are 
constructed, and the vectors are taken alternatively in arbitrary block subspaces 
Y and Z of G. In our case we need to take the functionals in arbitrary subspaces 
Y„ and of G* instead. This is possible because of Lemma 18.11 We also need 
to correct what seems to be a slight imprecision in the proof of ,15] about the 
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value of some normalising factors, and therefore we also get worst constants for our 
estimates. 

Let e = 1/10. Following Gowers we define an R.I.S. pair of size N to be a 
generalised R.I.S. pair (a;, a;*) with constant 1+e of the form (||xi+. . .+xjv|| + 
. . . , xn), /(iV) _1 (x* + ■ ■ • + Xtf)), where x* (x„) ^ (1/3) and range x* C range x n 
for each n. A special pair is a normalised generalised special pair with constant 1 + e 
of the form (x, x*) where x = \\xi + . . .+Xk\\~ 1 (xi + . . .+xu) and x* = f{k)~ 1 / 2 {x\ + 
• • • + x* k ) with range x* C range x n and for each n, x* n £ Q, |x* (x„) — (1/2)| < 
-^Q-mmsupp x„_ gy jjgj Lemma 8, z is a R.I.S. vector with constant 2 whenever 
(z,z*) is a special pair. We shall also require that k ^ minsupp Xi, which will 
imply by [15] Lemma 9 that for m < k 1 / 10 , z is a ^.-average with constant 8 (see 
the beginning of the proof of Proposition 1 8 . 1 1 P . 

Going up a level of "specialness" , a special R.I.S. -pair is a generalised R.I.S. -pair 

with constant 8 of the form (||xi + . . .+x N \\~ 1 (xi + . . . ,xn), fiN) -1 ^*^ \~x* N )), 

where range x* n C range x n for each n, and with the additional condition that 
(x„,x*) is a special pair of length at least minsupp x n . Finally, an extra-special 
pair of size A: is a normalised generalised special pair (x, x*) with constant 8 of the 

form x = ||xi + . . . + Xfc|| _1 (xi + . . . + x k ) and x* = /(/c) _1 / 2 (x* H + x* k ) with 

range x* C range x„, such that, for each n, (x„, x* ) is a special R.I.S. -pair of length 
cr(x*, . . . , x*_ x ). 

Given Y, , block subspaces of G* we shall show how to find an extra-special 
pair (x, x*) of size k, with x* built out of vectors in or Z*, such that the signs of 
these constituent parts of x* can be changed according to belonging to Y* or to 
produce a vector x'* with ||x'*|| < 12/(fc)~ 1 / 2 ||x*||. This will then prove the result. 

Consider then an extra-special pair (x,x*). Then x splits up as 

k Ni kij 

^E^E^E*^ 

i—1 j — 1 r—1 

and x* as 

k Ni k^ 

f(k)- i/2 e mi)- 1 e f^y 1 E 4> 

i—1 j — 1 r—1 

where the numbers v, vi and i/y are the norms of what appears to the right. These 
special sequences are chosen far enough "to the right" so that kij ^ minsupp Xyi, 
and also so that (maxsupp Xij-i) 2 ^ 1 ^ 4-( 1 +j). We shall also write Xj for 

v i X Ej2l Er=l x ijr and X i:j for zaT 1 J^Zl x ijr- 
We define a vector x' by 

k Ni kij 

E^E^Ec- 1 ) 7 "^ 

i—1 j—1 r—1 

where the numbers v[ and v'^ - are the norms of what appears to the right. We shall 

write x[ for v'r 1 J2f=i v'jj 1 Er2i(-l) r £y> and x^- for v'rr 1 Y^Z^-lf x ijr . 
Finally we define a functional x'* as 

k Ni kij 

f(kr 1/2 E mr 1 E /c^-r 1 E(-!) fe 4v 

i—1 j — 1 r—1 



BANACH SPACES WITHOUT MINIMAL SUBSPACES 



4!) 



Proposition 8.11. The space G* is HI. 

Proof. Fix Y"* and Z % block subspaces of G* . By Lemma 18.91 we may construct an 
extra-special pair (x,x*) so that x*j r belongs to F* when r is odd and to when 
r is even. 

We first discuss the normalisation of the vectors involved in the definition of x' . 
By the increasing condition on fey and Xij r and by asymptotic unconditionally, we 
have that 

||E(- 1 )'^'II < 2||5> y ,.||, 

r—1 r—1 

which means that 2vij. Furthermore it also follows that the functional 

(l/2)/(/cjj) -1 / 2 J2r=i(~ ^-Y x *ijr 1S °f norm at most 1, and therefore we have that 
IEr=i(~ l) ra: »j>ll ^ (l/tykijf(kij )~ 1 / 2 . Lemma 9 from [TS] therefore tells us that, 
for every i,j, x'- is an ^/"-average with constant 8, if m,y < fey 10 '. But the fey 
increase so fast that, for any i, this implies that the sequence x' il: . . . ,x' iN . is a 
rapidly increasing sequence with constant 8. By |15j Lemma 7, it follows that 

Ni 
3=1 

Therefore by the /-lower estimate in G we have that v[ ^ 9i/$. 
We shall now prove that Hx'll s? 12fe/(fe)- 1 . This will imply that 

" ' i=l j=l r=l 

>/(fc)V2 ( i2fe)-^18- 1 [^/(iV0- 1 ^ 1 g/( % )-i^ 1 g4 > ( a;ij . r )] 

z— 1 7—1 r—1 

k 

= f{k) 1 ' 2 (2\&k)- 1 Y J <{^) > 648' 1 /(fc) 1/2 . 
i=i 

By construction of x* and x'* this will imply that 

\\y*-z*\\ > 648- 1 /(fc) 1/2 ||2/* + ^ll 

for some non zero y* € and z* G Z*, and since k G K was arbitrary, as well as 
Y, and , this will prove that G* is HI. 

The proof that ^ 12fc/(fc) _1 is given in three steps: 

Step 1. The vector x' is a R.I.S. vector with constant 11. 

Proof. We already know the sequence x' tl , . . . , x' i N . is a rapidly increasing sequence 
with constant 8. Then by [TS] Lemma 8 we get that x\ is also an -average with 
constant 11, if Mi < N^ 10 . Finally, this implies that x' is an R.I.S. -vector with 
constant 11, as claimed. □ 
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Step 2. Let Kq = K \ {k}, let g € T be the corresponding junction given by [15] 
Lemma 5. For every interval E such that ||-Ex'|| ^ 1/3, Ex' is normed by an 
(M,g)-form. 

Proof. The proof is exactly the same as the one of Step 2 in the proof of Gowers 
concerning G, apart from some constants which are modified due to the change of 
constant in Step 1 and to the normalising constants relating Vi and respectively 
to v'j and v' ; = . The reader is therefore referred to [15] . □ 

Step 3. The norm of x' is at most 12kg(k)~ 1 = 12fc/(fc)" 1 

Proof. This is an immediate consequence of Step 1, Step 2 and of Lemma 18.21 □ 

We conclude that the space G* is HI, and thus locally minimal of type (1). □ 

Let us observe that the examples of locally minimal, non- minimal, spaces we have 
produced so far could be said to be so for trivial reasons: since they hereditarily 
contain i^o 's uniformly, any Banach space is crudely finitely representable in any of 
their subspaces. It remains open whether there exists a tight and locally minimal 
Banach space which does not contain £J^'s uniformly, i.e., which has finite cotype. 

9. Tight spaces of the type of Argyros and Deliyanni 

By Proposition 18.41 spaces built on the model of Gowers-Maurey's spaces are 
uniformly inhomogeneous. We shall now consider a space of Argyros-Deliyanni 
type, more specifically of the type of a space constructed by Argyros, Deliyanni, 
Kutzarova and Manoussakis 2\, with the opposite property, i.e., with a basis which 
is strongly asymptotically l\. This space will also be tight by support. By Proposi- 
tion l4.2l this basis will therefore be tight with constants as well, making this example 
the "worst" known so far in terms of minimality. 

9.1. A strongly asymptotically l\ space tight by support. In [2] an example 
of HI space Xhi is constructed, based on a "boundedly modified" mixed Tsirclson 
space Xm(i), u - We shall construct an unconditional version X u of Xhi in a similar 
way as G u is an unconditional version of GM . The proof that X u is of type (3) 
will be based on the proof that Xhi is HI, conditional estimates in the proof of [2 
becoming essentially trivial in our case due to disjointness of supports. 

Fix a basis (e n ) and M. a family of finite subsets of N. Recall that a family 
xi,. .. ,x n is Ai-admissible if x± < ■ ■ ■ < x n and {minsupp x±,... ,minsupp x n } S 
A4, and Ai-allowable if Xi,...,x n are vectors with disjoint supports such that 
{minsupp X\, . . . , minsupp x n } S M.. Let S denote the family of Schreier sets, i.e., 
of sets F such that \F\ ^ minF, Mj be the subsequence of the sequence (Tk) of 
Schreier families associated to sequences of integers tj and kj defined in [2] p 70. 

We need to define a new notion. For W a set of functionals which is stable under 
projections onto subsets of N, we let conv^V^ denote the set of rational convex 
combinations of elements of W. By the stability property of W we may write 
any c* € couyqW as a rational convex combination of the form J^. XiX* where 
x* e W and supp x* C supp c* for each i. In this case the set {x*}i will be called 
a VT-compatible decomposition of c* , and we let W(c*) C W be the union of all 
M^-compatible decompositions of c* . Note that if M. is a family of finite subsets of 
N, (c*, . . . , c* d ) is A4-admissible, and x* <E Wj(c|) for all i, then (x*, . . . , x* d ) is also 
A^-admissible. 
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Let B — {J2n ^n e n '■ (A n )n G coo, A n € Q n [— 1, 1]} and let <I> be a 1-1 function 
from B <N into 2N such that if (c*,... , cjji) G # <N , ji is minimal such that c\ G 
conVQ-Aj!, and = $(c*, . . . , c*_j_) for each Z = 2, 3, . . ., then $(c*, . . . ,c£) > 
max{ji, . . . ,jk} (the set Aj is defined in [5] p 71 by .Aj = U n (K" \ if ) where the 
-K?'s are the sets corresponding to the inductive definition of X M ^y u ). 

For j = 1, 2, . . ., we set L°. = {±e„ : n G N}. Suppose that {L™}"^ have been 
defined. We set L n = U^L* and 

L1+ 1 = ±L? U + . . . + ^) : d G N,x* G L n , 

allowable}, 

+ a^) :deN,sJ G L", 
admissible}, 

L2J+1 1 = ±£jy+i u { - ± (a;* + • ■ . + x* d ) : d G N such that 
3(cj . . . , c* d ) M2j+i — admissible and k > 2j + 1 with c\ G convQ-L^, ^1 G ^2fc( c i); 

c* G conv Q L5 (c . )i>iiC ._ i) ,xJ G ^0( c j,..., c ._ 1 )(ci) for 1< i < d}, 

We set = U5JL 1 (i" \ L°) and we consider the norm on coo defined by the set 
L = L° U (U^-ljBj). The space X u is the completion of coo under this norm. 

In [5] the space is defined in the same way except that E is an interval of 
integers in the definition of L^f+i, an< ^ the definition of i^+i" ^ s sml pl er J i- e -j the 
coding $ is defined directly on A^+i-admissible families x\, . . . ,x* d in L <N and in 
the definition each a;* belongs to L^^ x , x , y To prove the desired properties for 

X u one could use the simpler definition of L^+i ' however this definition doesn't 
seem to provide enough special functionals to obtain interesting properties for the 
dual as well. 

The ground space for Xhi and for X u is the space Xm(i), u associated to a norming 
set K defined by the same procedure as L, except that K£j + i is defined in the same 
way as K^j, i.e. 

K2+ 1 = ±K% U { — (x$ + . . . + x* d ) : d G N, x* G A"", 

(x*, . . . , x^j) is A^j+i — admissible}. 

For n = 0, 1, 2, . . . , we see that L" is a subset of X™, and therefore L C K. The 
norming set L is closed under projections onto subsets of N, from which it follows 
that its canonical basis is unconditional, and has the property that for every j and 
every Mij -admissible family /1, f 2 , . . . fd contained in L, f = ^-(/H h fd) 



and for j ^ 1, 



L 



n+l _ 

2j _ 



(x l5 ...,a; d ) is 5 



TO 2 J 

(if,...,a;5) is7W 2 7 
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belongs to L. The weight of such an / is defined by w(f) = l/mij- It follows that 
for every j = 1, 2, . . . and every M.i 3 —admissible family x\ < X2 < ■ . ■ < x n in X u , 

n ^ n 

iiE«*ii>^Ew- 

k=i j fc=i 

Likewise, for 5-allowable families /i, ...,/„ in L, we have / = H h/d) € L, 

and we define = 1/2. The weight is defined similarly in the case 2j + 1. 

Lemma 9.1. TTie canonical basis of X u is strongly asymptotically £%. 

Proof. Fix n ^ x\, . . . , x n where x\ , . . . , x n are normalised and disjointly supported. 
Fix e > and let for each i, fi E L be such that fi(xi) ~>t (1 + e) _1 and supp fi C 
supp Xi . The condition on the supports may be imposed because L is stable under 
projections onto subsets of N. Then | Yl7=i ^ an< ^ therefore 

n -\ n i n 

llE A ^l! > 5 E > 2fTT^^ |Al1 ' 

<=1 i=l ^ ' i=l 

for any Aj's. Therefore Xi, . . . ,x n is 2-equivalent to the canonical basis of £™. □ 

It remains to prove that X u has type (3). Recall that an analysis (K s (f)) s of 
/ G K is a decomposition of / corresponding to the inductive definition of K, 
see the precise definition in Definition 2.3 [2] . We shall combine three types of 
arguments. First L was constructed so that L -< K, which means essentially that 
each f G L has an analysis (K s (f)) s whose elements actually belong to L (see 
the definition on page 74 of 0); so all the results obtained in Section 2 of [5] for 
arbitrary K -< K (and in particular the crucial Proposition 2.9) are valid in our 
case. Then we shall produce estimates similar to those valid for X^i and which are 
of two forms: unconditional estimates, in which case the proofs from [2] may be 
applied directly up to minor changes of notation, and thus we shall refer to [2] for 
details of the proofs; and conditional estimates, which are different from those of 
Xh%, but easier due to hypotheses of disjointness of supports. 

Recall that if T is a family of finite subsets of N, then 

T' = {A U B : A, B e T, A n B = 0}. 

Given e > and j — 2,3,..., an (e,j)-basic special convex combination ((e,j)- 
basic s.c.c.) (relative to ^m(i),u) is a vector of the form ^2 keF Ok^k such that: F G 
Mj,a k Ss 0, J2k£F a k = !, W}fce.F is decreasing, and, for every G G ^( fcj _ 1+1 ), 
J2keG a k< £ - 

Given a block sequence (xk)ke'N in X u and j ^ 2, a convex combination X)i=i a i x ki 
is said to be an (e , j)- special convex combination of (xk)ke'N (( £ >i)~ s - c - c ); if there 
exist l\ < fa < ■ ■ ■ < l n such that 2 < supp x kl ^ fa < supp Xk 2 ^ fa < ■ ■ ■ < 
supp a;^^ ^ l n , and X)"=i °i e Z; i s an (£jj)-basic s.c.c. An (e,j)-s.c.c. diX^ is 

called seminormalised if Hat^ || = 1, £ = 1, . . . , n and 

n 1 

II E a ^H ^ 2' 
i=l 

Rapidly increasing sequences and (e,j)-R.I. special convex combinations in X u 
are defined by |2J Definitions 2.8 and 2.16 respectively, with K = L. 

Using the lower estimate for M. 2 j -admissible families in X u we get as in [2] 
Lemma 3.1. 
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Lemma 9.2. For e > 0, j = 1, 2, . . . and every normalised block sequence {x k } k x L 1 
inX u , there exists a finite normalised block sequence (j/ s )" =1 of (x k ) and coefficients 
(a s )™ =1 such that Y] , a s y s is a seminormalised (e, 2j)-s.c.c. 

The following definition is inspired from some of the hypotheses of [2] Proposition 
3.3. 

Definition 9.3. Let j > 100. Suppose that{j k } k= i, {y k } k=u {c* k }k=i and {b k } r k L =1 
are such that 

(i) There exists a rapidly increasing sequence 

{%{k,i) ■ k = 1,. .. ,n, i = 1, . . .,nk} 

with < ^(fc^+i) < X(fc+i,2) /or all k < n, i < n k , I ^ 7ifc+i, smc/i iftai: 

(a) Each x/ kt i) is a seminormalised ( — ^ — , j( k i ^)-s.c.c. where, for each k, 2j k +2 < 

j(k,i), i = l,...n k . 

(b) Eachy k is a (-4—,2j k )- R.I.s.c.c. of{x {kA) Yl^ 1 oftheformy k = J2i=i b (k,i) x (k,i)- 

(c) The sequence {b k } k=1 is decreasing and Y^l—i kfcJ/fc * s a (~tt — , 2j + l)-s.c.c. 

(ii) c£ G convQ£2j fc , cmd max(supp ejji^Llsupp y k -i) < min(supp c^Usupp y k ), 
Vfc. 

(iii) ji >2j + l and 2j k = $(c lf . . . , cj_ x ), k = 2,...,n. 
Then (j k , y k , c k , b k ) k _-, is said to be a j-quadruple. 

The following proposition is essential. It is the counterpart of Lemma l8.6l for the 
space G. 

Proposition 9.4. Assume that {jk,yk,c kl b k ) k=1 is a j-quadruple in X u such that 
supp c* k H supp y k = for all k = 1, . . . , n. Then 

n 75 
\\^b k m 2jk y k \\ < — 2 . 

k=i TO 2j+i 
Proof. Our aim is to show that for every tp S U^-^Bi, 

75 



<p(^2b k m 2jk y k ) ^ 



fc=l 2J + 1 

The proof is given in several steps. 

1st Case: w(tp) = m * +1 ■ Then tp has the form tp = m2 1 +1 (-Efy| H h -Ey^ + 

+ i + • • • Ey* d ) where E is a subset of N and where y k € L 2 j k (c* k ) Vfc < fc 2 and 
y£ € L 2 j k {d k ) Vk ^ k 2 + 1, with rf^ 2+1 7^ c L+i (this is similar to the form of such 
a functional in X^i but with ki = 1). 

If k ^ then c* and therefore y* is disjointly supported from y k , so Ey*(i/ k ) = 
for all s, and therefore tp(y k ) — 0. If fc = &2 + 1 then we simply have *S 
\\y k \\ 17771^, [2] Corollary 2.17. Finally if k > k 2 + 1 then since $ is 1-1, we 
have that jk 2 +i 7^ jk and for all s = k% + 1, . . . , d, d* and therefore y* belong to 
B 2 t 3 with t s 7^ jk- It is then easy to check that we may reproduce the proof of [2] 
Lemma 3.5, applied to Ey*, . . . , Ey d , to obtain the unconditional estimate 

\<p(rn 2jk y k )\ ^ — . 

m 2, + l 
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In particular instead of [2] Proposition 3.2, which is a reformulation of [2] Corollary 
2.17 for Xhi, we simply use [2] Corollary 2.17 with K = L. 

Summing up these estimates we obtain the desired result for the 1st Case. 

2nd Case: w(u>) ^ — - — . Then we get an unconditional estimate for the cvalu- 

ation of <p(%2k=i b k m 2j k Vk) directly, reproducing the short proof of [2] Lemma 3.7, 
using again [2] Corollary 2.17 instead of [2] Proposition 3.2. Therefore 

i /\ ^ 7 \ i 35 35 

\(p(}^b k m 2jk y k )\ < < -J . 

m 2j+2 rn 2j+1 

3rd Case: w(ip) > m ^. +1 ■ We have y k — Y17=i b (k,i) x (k,i) an d the sequence 
{x(k,i) ,k = 1, . . . n, i — 1, . . . rife} is a R.I.S. w.r.t. L. By [5] Proposition 2.9 there 
exist a functional ip G K' (see the definition in [5] p 71) and blocks of the basis 
u (k,i)r k = l,...,n, i = l,...,n k with supp C supp x^, \\u k \\ h < 16 and 

such that 

71 rife n _^ 

6fcTO2 J'= £ b (k,i) x (k,i)))\ < "12^616(1, ^"^i* E 6 (fe,'O u (fe,o))+^ — 

fe=X i=l fc=l i=l 2 J+ 2 

n fc^ _^ 

< ip(V\ b k m 2 j k (V 6(jfe,i)U(A,i))) H • 

r - , ^~ I m 2j+2 

k=\ i=l J 

Therefore it suffices to estimate 

n n k 

1p(Y^ b k m 2j k b ik,i) U (k,i)))- 
k=l i=l 

In [2] tp is decomposed as tpi + ip2 and different estimates are applied to tpi and 
ifa. Our case is simpler as we may simply assume that ipi = and ip 2 — ifr- We 
shall therefore refer to some arguments of [5] concerning i\) 2 keeping in mind that 

02 = 1p. 

Let Di, . . . , D4 be defined as in [5] Lemma 3.11 (a). Then as in [2J, 

4 n fc 

|J -Dp = (J supp u (fcji ) n supp 0. 

P=l 2=1 

The proof that 

(!) ^iu t D*(yi 6 fc m 2i IS (y]6(fe,-i) u (fe ) i))) ^ — - — ' 

k i m 2j+2 

^ 26 

(2) ^\u k D*(Yhm 2 j k (^2 b (k,i) u (k,i))) < 



m 2 j +2 



and 



(3) V'lu, £»* ($3 & fc™2 Jfc (V 6(fc,i)«(fc,i))) < — - — • 

k i m 2j+2 

may be easily reproduced from [2] Lemma 3.11. The case of D\ is slightly different 
from [2] and therefore we give more details. We claim 
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Claim: Let D = \J k D\. Then 

(4) i>\o{^b k m 2 j k (y2b (k ,i)U(k,i))) < J? , 

Once the claim is proved it follows by adding the estimates that the 3rd Case is 
proved, and this concludes the proof of the Proposition. 

Proof of the claim: Recall that D\ is defined by 

it , 
D\ = {to e [J A( k:i ) : for all / € M K s (tp) with to e supp/, w(f) ^ and 

i=l s m 2jk 

there exists / 6 I) K s (ip) with to 6 supp/, w(/) = — - — and 



for every g G K s (ip) with supp / C supp g strictly, w(g) ^ }. 



™2j k 



For every k — 1, . . . ,n, i — l,...,n k and every to 6 supp U(fc,i) fl D%, there 
exists a unique functional /( fc >*> m ) g )J s K s {%jj) with m S supp /, w(f ) — m * and 

such that, for all g £ \J S K s (i(i) with supp / C supp g strictly, w(g) ^ m *. +1 ■ By 
definition, for k ^ p and i — 1, . . . , rife, m € supp ita,^) , we have supp/^ 1 '™-' fl D4 = 
0. Also, if /O'*'™) ^ /(^.»), then supp /(M,m) n supp f( k ^ n ) = 0. 

For each k = 1, . . . , n, let {/'*}[=! C [J -ftT s (i/?) be a selection of mutually disjoint 
such functionals with D\ = Ut=i supp f k,t . For each such functional / fe,t , we set 

1=1 m£supp f h ^ 

Then, 

(5) f k ' t (b k m 23k (^2b {k ^u {k:i) )) < 6 k a/fc,t. 

We define as in [5] a functional g £ K' with Ig^- ^ 1 (see definition [5] p 71), and 
blocks u k of the basis so that Hu^H^ ^ 16, supp u k C (J i supp and 

MD l C^b k m 2jk C^b {ktl) u {ktl) )) < 3(2^6 fe M fe ), 

hence by [5] Lemma 2.4(b) we shall have the result. 
For f = ^ Ej=i /p € U we set 

J={l^p<d:/ P = / M for some fc = 1 . . . , n, t = 1, . . . , r k }, 

T = {1 ^ p ^ d : there exists f k,t with supp/ fc >* C supp/ p strictly}. 

For every / 6 (J iir s (^|£) 4 ) we shall define by induction a functional gf, by <?/ = 
when JUT = 0, while if JUT ^ we shall construct <?/ with the following properties. 
Let Df = Ujxejut su PP/p ano - Uk ~ J2 a f k - te f k - t > where ejk.t = e m j nsupp ^fc,t , then: 

(a) supp g f C supp /. 

(b) g f G if' and w(g f ) > 

( c ) /|c / (Efe & fe m 2 Jfc (E l b (fe,i) u (fe,i))) ^9}{^Y. k bkU k ). 
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Let s > and suppose that <?/ have been defined for all / G (Jt=o -^(V'liO an d 
/ = J^(/i + • • • + fd) e ^(VMW^OAM where the family (/ p )^ =1 is M g - 
admissible if g > 1, or S-allowable if q = 1. The proofs of case (i) (l/rn q = l/m 2 j k 
for some k ^ n) and case (ii) (l/m q > l/m 2 j + i) are identical with [2] p 106. 
Assume therefore that case (hi) holds, i.e., l/m q — X/ni2j+i- For the same reasons 
as in [2] we have that T = 0. 

Summing up we assume that / € if s (7/>|£> 4 )\if ^-'-(i/j^) is of the form 

1 d 1 

/ = E u = ( E y* + ■■■ + ^ + E vt.+i + ■■■ + E y*d)i 

where {y*) t is associated to (c*, . . . , c% 2 , d* k2+1 , . . .) with d* k2+1 ^ c% 2+1 , that T = 
and J ^ 0, and it only remains to define g/ satisfying (a)(b)(c). 

Now by the proof of [2] Proposition 2.9, ip = ?/v was defined through the analysis 
of ip, in particular by [2] Remark 2.19 (a), 

for some subset I of {1, ... ,d}. Furthermore, for ( 6 J, I ^ and 1 ^ k ^ d, 
supp -Ey* n supp x k = 0, therefore there is no functional in a family of type I and 
II w.r.t. ~x~k of support included in supp Ey* (see [5] Definition 2.11 p 77). This 
implies that De v * =0(2 Definition p. 85), and therefore that il>Ey* = ([2] 
bottom of p. 85). 

For I £ I, I > k 2 + I, then since $ is 1 - 1, w(Eyf) = w(Ed^) ^ l/m 2jk Vk. 
Therefore w(i^e v *) ^ l/m 2]k \/k, [% Remark 2.19 (a). Then by the definition of D\, 
supp ipEyr H D\ = for all k. 

Finally this means that V|d 4 = Eyi 2+1 \Di and J = {k 2 + 1}, £>/ = 

supp fk 2 +i- Write then fk 2 +i = f ko,t and set <?/ = 2 e *f k2+ i> th ere f° re ( a )(b) are 
trivially verified. It only remains to check (c). But by (5), 



f\D f (£2 b k m 2j k C^2b {kil) U {kil) )) < b 

ka a fi 



fc 2 + i 



= h a fk2+1 e* fk2+1 {e fk2+1 ) = 9f(2b ko a fk2+1 e fk2+1 ) 

= 9f(2^2b ko a fk - t e f k,t) = g f {2^b k u k ). 
t k 
So (c) is proved. Therefore gf is defined for each / by induction, and the Claim is 
verified. This concludes the proof of the Proposition. □ 

Proposition 9.5. The space X u is of type (3). 

Proof. Assume towards a contradiction that T is an isomorphism from some block- 
subspace [x n ] of X u into the subspace [ei,i £ \J supp x n ]. We may assume 
that max(supp x n ,supp Tx n ) < min(supp x„ + i,supp Tx n+ i) and minsupp x n < 
minsupp Tx n for each n, and by Lemma |9~21 that each (^-,2n) R.I.s.c.c. 

([2] Definition 2.16). We may write 

Pn 
t=l 
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where (x n ,i, ■ ■ ■ ,%n,p n ) is ./V^n-admissible. Let for each n, t, x* lt € L be such that 
supp x* n t C supp Tx n ,t and such that 

X nA Tx n,t) > ^\\Tx n , t \\ > 4 || T 1 _ 1 || , 

and let a;* = ^-(sc*^ + . . . + G ^2n- Note that supp x* n supp x„ = and 

that 

<(^)^E^% = (4r- 1 |Kn)- 1 . 

We may therefore for any J > 100 construct a j-quadruple cf, &fc)^ =1 sat- 

isfying the hypotheses of Proposition 19.41 and such that y k S [aXj], and c* k (Ty k ) ^ 
(4||T _1 ||TO2 : , f .) _1 for each fc (note that we may assume that c£ G L jQfc for each k). 
From Proposition 19.41 we deduce 

E^^j^fcll < -3 ■ 

k=l m 2j + l 

On the other hand ip = m ^. +1 53fe=i c fc belongs to L therefore 

n n ^ 

\\T(y2b k m 2jk yk)\\ > 4}(S^b k m 2]k Ty k ) > 



^-«».^^„ ^ Yv^~*-* n ~v*j - 4||T-i||m 2i+1 - 
We deduce finally that 

m 2j+1 ^300\\T\\\\T- 1 \\, 
which contradicts the boundedness of T . □ 

9.2. A strongly asymptotically space tight by support. Since the canon- 
ical basis of X u is tight and unconditional, it follows that X u is reflexive. In 
particular this implies that the dual basis of the canonical basis of X u is a strongly 
asymptotically £oo basis of X*. It remains to prove that this basis is tight with 
support. 

It is easy to prove by duality that for any A^-admissible sequence of Junctionals 
fx, . . . , f n in X* , we have the upper estimate 



IE 



/ill «S m 2 j sup 1 1 /i | 



We use this observation to prove a lemma about the existence of s.c.c. normed by 
functionals belonging to an arbitrary subspace of X* . The proof is standard except 
that estimates have to be taken in X* instead of X u . 

Lemma 9.6. For e > 0, j = 1, 2, . . . and every normalised block sequence {fk}kLi 
in X*, there exists a normalised functional f € [fk] and a seminormalised (e,2j)- 
s.c.c. x in X u such that supp / C supp X and f(x) 1/2. 

Proof. For each fc let yk be normalised such that supp y k = supp fk and fk{yk) = 
1. Recall that the integers k n and t n are defined by k\ = 1, 2*" ^ and 
k n = t n (k n -i + 1) + 1, and that A4j — Fk, for all j. 

Applying Lemma 19.21 we find a successive sequence of (e, 2j)-s.c.c. of (yk) of 
the form (J2iei k a iVi)k with {f u i € I k } J^fe 2J _ 1+ i-admissible. If \\J2iei k M ^ 2 for 
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some k, we are done, for then 

(E*)(£°m)^ii£*ii- 

i&Ik i&Ik i£lk 

So assume ||E»ei fc fi\\ ^ 2 for all k, apply the same procedure to the sequence 
fl = lEie/ /ill -1 Eigj an( ^ °btain a successive sequence of (e, 2j)-s.c.c. of the 
sequence {y\)k associated to of the form E i£/ i a}y}) k , with {/; : supp /; C 

Eie/ 1 //} a^ r fc 2:j _ 1+ i[J r fe2j _ 1+1 ]-admissible, and therefore .M 2 j -admissible set. Then 
we are done unless lEie/ 1 //II ^ 2 for all k, in which case we set 

i2 = ll£/i 1 ir 1 £/i 1 

and observe by the upper estimate in X* that 

1 = ii/iii = 11 £ £11 £ //miE/iirViii < ^/4. 

Repeating this procedure we claim that we are done in at most t 2 j steps. Otherwise 
we obtain that the set 

A = {/, : supp /, C ]T Z* 2 - 1 } 



is .My-admissible. Since f^ 3 = E/,eA a ifu where the normalising factor ai is less 
than (l/2)* 2i for each I, we deduce from the upper estimate that 

1 = ||/* 2 K 2-^m 2j , 
a contradiction by definition of the integers U's. □ 



To prove the last proposition of this section we need to make two observations. 
First if (fi, . . . , /„) e conv Q L is M 2 j- admissible, then J2k=i fk € convQL 2 j- 
Indeed we may easily find convex rational coefficients Aj such that each f k is of the 
form 

A = £ Ai/f, e L, supp /f C supp f k Vi. 

i 

Then ^- ELi /fc - A,(^- ELi ) and each ^- ELi belongs to L 2j . 

Likewise if ip = m ^. +1 (cf + . . . + cj), fc > 2j + 1, c* e convQi 2 *; and c ; * e 
convQL$( c » i C « ) VZ ^ 2, then V G convQ-L. Indeed as above we may write 

d 

and each ^ £? =1 /< belongs to C L. 

Proposition 9.7. T/ie space X* is of type (3). 

Proof. Assume towards a contradiction that T is an isomorphism from some block- 
subspace [/„] of X* into the subspace [e*,i U rl supp /„]. We may assume that 
max(supp /„,supp Tf n ) < min(supp /„ + i,supp Tf n+1 ) and mins upp Tf n < 
minsupp f n for each n. Since the closed unit ball of X* is equal to convQ_L we 



BANACH SPACES WITHOUT MINIMAL SUBSPACES 



-,<) 



may also assume that /„ G coiivqL for each n. Applying Lemma l9.6[ we may also 
suppose that each /„ is associated to a (^^,2n) s.c.c. x n with Tf n (x n ) > 1/3 and 
supp x n C supp Tf n , and we shall also assume that ||T/„|| = 1 for each n. Build 
then for each k a (^^,2fc) R.I. s.c.c. yk — X)«eA fc a n x n such that {Tf n )n&A k and 
therefore {f n )neA k is A^fc-admissible. Then we note that by the first observation 
before this proposition, 

4 : = m 2k ^2 fn e Conv Q L 2fe , 

neA k 

and we observe that supp c* k n supp yu = and that Tc* k {yk) (3m2fc) . 

We may therefore for any j > 100 construct a j-quadruple (jk,yk, c%, bk)k—i 
satisfying the hypotheses of Proposition 19 .41 and such that c k € and Tc* k {y k ) ^ 
(3rri2j k )~ 1 for each k. From Proposition 19.41 we deduce 

" 75 
|lXl^ TO 2 Jfc 2;fe|| < -g — • 

fc=l TO 2i+! 



Therefore 



^ IIEfc=i &fc m 2j fc 2/fc|| 225 



fe=i 

but on the other hand 

d 

||^4|| s$ m 2j+ i 
fc=i 

since by the second observation the functional m^ 1 ^ Efe=i c£ belongs to convQ-L. 
We deduce finally that 

mjy+i < 225||T||, 

which contradicts the boundedness of T. □ 



10. Open problems 

In the following theorem, we present the final list of possible classes of spaces 
contained in a Banach space, obtained by combining the five dichotomies and the 
dichotomy of Tcaciuc. We obtain 19 inevitable classes of spaces, and examples for 
8 of them. The class (2) is divided into two subclasses and the class (4) into four 
subclasses, which are not made explicit here for lack of an example of space of type 
(2) or (4) to begin with. Recall that the spaces contained in any of the 12 subclasses 
of type (l)-(4) are never isomorphic to their proper subspaces, and in this sense 
these subclasses may be labeled "exotic" . On the contrary "classical" pure spaces 
must belong to one of the 7 subclasses of type (5)-(6). 

Theorem 10.1. Any infinite dimensional Banach space contains a subspace of one 
of the types listed in the following diagram: 
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limp 


PrnTiPrfi p <3 


riTnUlTii P Q 


(1a ) 

(iaj 


\—$ I hi ri / ) / hi'} t T*n in ri & n >~)~i / 1 i iwt hi ff~\ m oh n t~i h c 

nij ityia uy laiiye (iiin wllil coiibiaiiih 


9 


(1b) 
(10 J 


H 1 Tinnh hiii t/iti/ip Inrriilii tin i m i tyi n 1 

iiiy iiyiLi uy i LiiLyc 7 Lut-iiity 1 i iti in i lul 


a* 


(9 ) 


HI 7 tight, sequentially minimal 


9 


(da J 


tight by support and with constants, uniformly inhomoyeneous 


9 


(JO J 


hi n hih hii i at i~ii~i/~t i~*t I f\fn I lit mn i m i i~yi /~t I 1 1 m i T/~ii~ tj yyi lit i t~i hi r\ inn r\n & i~i /3/~iiit? 

LLyiii uy suppoi i, locuny iiiLiLLniai, uilljoi iiuy iiiiiouioyeiicouo 




(1r ) 
(JCJ 


tight by support, strongly asymptotically £p, 1 ^ p <C oo 




fit!) 
(jaj 


hinrih rtn ci/nn/rrl c^t/tm nil i n 01 11m mhnhi rrt I lit 1/ 

agin uy suppoi I, buioiiyiy asyiiipioiicatiy 




(J ) 
(4 J 


1 1 m rrwi H i ~hi nnn n 1 hin ci c niinci mn i i~i i mn n I hinnh hiii mnm n& 
ill LL.U 1 LULbLU 1 LUL UUoLo, L[ilU,& L II L LI L LI 1 bill, LLyiLL Uy 1 Ci/it/C- 


9 


(5a) 


unconditional basis, tight with constants, sequentially minimal, 


9 




uniformly inhomogeneous 




(5b) 


unconditional basis, tight, sequentially and locally minimal, 


9 




uniformly inhomogeneous 




(5c) 


tight with constants, sequentially minimal, 


T, T p 




strongly asymptotically i. p , 1 ^ p < oo 




(5d) 


tight, sequentially minimal, strongly asymptotically 


9 


(6a) 


unconditional basis, minimal, uniformly inhomogeneous 


s 


(6b) 


minimal, reflexive, strongly asymptotically 


rp* 


(6c) 


isomorphic to c or l p , 1 ^ p < oo 





We finally conclude with a list of open problems. 

Problem 10.2. (1) Does there exist a tight Banach space admitting a basis 
which is not tight? 

(2) Does there exist a tight, locally block minimal and unconditional basis? 

(3) Find a locally minimal and tight Banach space with finite cotype. 

(4) Does there exist a tight Banach space which does not contain a basic se- 
quence that is either tight by range or tight with constants ? In other words, 
does there exist a locally and sequentially minimal space without a minimal 
subspace ? 

(5) Suppose [e„] is sequentially minimal. Does there exist a block basis all of 
whose subsequences are sub sequentially minimal? 

(6) Is every HI space tight? 

(7) Is every tight basis continuously tight? 

(8) Do there exist spaces of type (2), (4), (5a), (5b), (5d)? 

(9) Suppose (e„) is tight with constants. Does (e„) have a block sequence that 
is (strongly) asymptotically l v for some 1 ^ p < oo ? 

(10) Does there exist a separable HI space X such that C* Borel embeds into 

(11) If X is a separable Banach space without a minimal subspace, does C* 
Borel embed into SB QO (X)? What about more complicated quasi orders, in 
particular, the complete analytic quasi order ? 
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